Math 122

Sample Final Exam 3

Question 1:

(a)[3 points] Let f(x) = sinh (cosh™ z). Find f'(z).

£lexy = cosle (‘CoSL:‘x) ) (

(b)[3 points] Find f/(1) if f(z) = arctan (/z).

feo= L .1 x®
(%)

\ ‘ ,_Ll:.!-
£ 2 2

(c)[4 points] Evaluate lim 2?sin <i>
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Math 122 Sample Final Exam 3

Question 2:

(a)[3 points] Find f(z) if f'(z) = e** — L and £(0) =

1
Vz
-
Fex) = yezx-xza(*x = g_:;‘_;.xii—fc,
[ )
fo S - _
) © éz_ O '« = = C=\-3 =1

(b)[4 points] An object initially s(0) = 2 m above the surface of the moon is projected vertically
upward with an initial velocity of v(0) = 10 m/s. Using the fact that acceleration due to
gravity on the moon is a(t) = —1.6 m/s?, derive the formula for s(t), the height of the object
above the moon’s surface at time ¢ seconds.

ax)= -G
S oAt = f-m, At = —-lLot + ¢
V)= 10, 0 -leo+C =10 = C=(0o
S NE) = -1t 410 |
s os(d) = j—i.ct +oett = ‘l%'_t.z-plo-\: ‘C
S(o)= 2 , So. ‘hﬂz

> +lo-o-\-C_= T = C=12

(7 5@ ~er & o)

>

(c)[3 points] Suppose f(z) is a continuous function with the property that

/Om f(t) dt = sin (2z) — /Oz cos (2t) f(t) dt .

Find a formula for. f(z). (Hint: differentiate both sides of the equation above.)

A [ *e V= D/
___; ( fo .{1(-@&{;) = ;4;(3!\«(27()- S‘OXC"’S (Z‘b) £&) o(t’)

FOY = 2e05(2x)- o5 (2x) $ox)

-Y»(xjé + c.aS( %_x))= 2 CoS ('uc)

fixy = 208 (2x)
\ + oS (Z)Q
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Question 3:

(a)[b points] The following figure shows points on the gi’a.ph of y = f(z). Use the trapezoid rule
7
to estimate / f(z) dz:
0

y
5 4
z

1

y = f(x)

@ \ 4

Ax = |

+ ,
fo foo olx = éi-( [‘F(\)J« 2E0)Y+x 2 vt 2f£0¢)+ f¢

= 41
= [ 3+ 224224 2:042-C)+2(-)+2(~)+,

]

4 [3+ 4440+ () *(-2) +(=2) +o]

- | £
=135

(b)[5 points] f(z) = ze® has second derivative f”(z) = (2 + z)e®. If the midpoint rule is being
2

used to approximate / xe® dx, how many subintervals are required in order to be accurate
0

b
to within 0.01? (Recall, the error in using the midpoint rule to approximate / f(z)dz is at
- a

K(b—a)®

o Where | ()] < K on [a,1].)

most

< 0.0l
24T
2 3
| 4e” (2-0) 2 0.0\
24 Wt
<o 'ie_i_—— 4\,\1'
(3‘)(0-0 ‘) :a[ n = 32—\
e LY L n
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Question 4:

sy

(a)[5 points] Evaluate / 3¢® —zsin (2% de = |

—
—~—

LX3+')i°°S(°<L) -e(‘,j

(b)[5 points] Evaluate / 2 lnzds .
1

H T o= 3fx2'¢4><]— £ ysiw(*x")be oA x
- 3 L cos(x*) + C
3Tz

3,
Lt T = J%/L \x A%
3
= |lwyx A= %/7"(7(
as Loty = %_—x;z
W T = gwdwz UU’-fv
- % et
z(vx) x% - (25" Lotx
- 3 3
= is,(lu,'x)-x/"— z J‘ X tAx
2 v > %
= Slux) x> -(2)7%
- N &
c 2 . 2\ &
St = [ @R
o 2\* B 2 \*
“[r @ [o-]
L_ g H
I T v
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Question 5:

(a)[5 points] Evaluate / tan’z sec'zdz = [

T ;f To"x (’*t%zx)s%zxdx

A= o X
= Sectx olx

L= fﬂﬁz(w @) ot

= fuz’-tuﬁvd&/t

3
3 = +(C

—_ 3 A
- S”

N
x$3 ! dz . (The identity sin (26) = 2sin 6 cos§ may be useful here.)

'\\.L

(b)[5 points] Evaluate /

K = sSecp-
Ax = sec& Taun g ol

o T = J‘\IW"’?"S*‘Ij saa—mﬁ’og@/

sefp-
= tale seco | X )
oS Ae— Y ‘o
seclo- | '
s 2 ' =
= f SO Ao 2 T= sec (x) 2Jx=1 L.
_ 2. 17x x
- \f B CO————;S (Z@’ S secl(x) Z ‘
3 =~ — C VX L.-\-(
z 2x*
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Question 6:

(a)[5 poinﬁs] Evaluate / :1;3—4}4—3-0_2— de = 1_

S I \

Xetxr | xi(xea) %+%'+ ;c%_‘-f
= Rx(x=4) + B(xtq) + Cx *
| 5 x+Y4)
= (ﬁ“‘é)yl +(4A +B)x + 48
X x+4)
LSO RtEC =0
@4A+B=o0
© HB:‘=>-B=1|' ®> 4rn+i=o i A= =

(b)[5 points] Evaluate the improper integral / i % dz
0 — X
3 X ]
© ﬁ—’xL L ¥ f of X
) - Ja—xF
~ b
b= 2™ o
= t“_; _ (= V3 + [q-07 >

T
@
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Question 7:

(a)[5 points] Find the area of the shaded region:
Y ‘
A

o

A szs‘x, e " A
= \ - = oA < - <)
. " = xv-rj' (T\'.)x Simxeolt X

z

[_ng_%f-]% + E;—Ty”«» cos 'x:)qt
[(/"“/Cg F’(E)} (Loj(o o)] [(4-“7*-005(‘7)) (—(I)-ré,
“Es A% <)

(b)[5 points] The shaded region is rotated about the vertical line z = w/2; set up the integral
representing the volume of the resulting solid. DO NOT EVALUATE THE INTEGRAL.
Y

(2
A =2
= (5

chel Xl L ('—",‘_—-x) (siv\(x\ - ?‘r") o
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Question 8: Consider the graph of the following ellipse:

N
&l %
+
N

If the ellipse is rotated about the z-axis the resulting solid is called an ellipsoid (which looks rather
like a watermellon).

(a)[3 points] Isolate y in the equation above to find a function which describes the top half of the
ellipse.
2 .

X 4+ 2 = |
A 4

)

(b)[7 points] Use your result in (a) to find the volume of the ellipsoid.

Pﬁfihé WrKSq.‘ N
\
~ Y | L
V= fr(Jua-22))
..-Ll ’
L 2
= 27 - X
) q4( w>o&><
= VX I:x-— X !
“4g o
= ox - 4]
4§
= |
3
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Question 9: A rectangular fish tank of length 4 m, width 2 m and height 3 m contains water to a
depth of 2 m. Recall that the density of water is p = 1000 kg/m?® and acceleration due to gravity

is g = 9.8 m/s?.

4

(a)[5 points] How much work is required to pump all of the water out over the edge of the tank?

we«lé»:t of Slice % ol o olepthe = (*—\)(L)A’X(Og,

Yo Luov K V‘ezou:\,we,a( +© it s sVee +°P % ol

'S (L\)(L)A'x@g'x = Fegx 4Ax

P V— * X=3
Y Io‘bl WOVK w: J‘ ?egx O’(x

x=|
req [L:] 3

= 5’63 ‘I__—z_\- |

= 3269

=- (32) (1000)(9.8)

= E\ 3,600 N-a

(b)[5 points] What is the hydrostatic force (force due to water pressure) exerted on one of the
long sides of the tank? Recall that pressure P as a function of depth h is P(h) = pgh where

p is the density of the liquid and g is acceleration due to gravity.
e o St 4 wietfn A% s 4 d4x
fo force o g S'tr,"r s HAx e (1)

I\

Tk foe po (7
. ) J 4 e9 (x-1) ol
xX=1 -

3
Heg S‘ w—i Ax
1eg ["%S-r]\g

“ey(F %]
¥€9 = (¥)1wo)(a.8)= |F8400 N |
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Question 10: The fish population in a large lake is infected by a disease at time ¢ = 0, and the
declining fish population is described by the differential equation

dP
2 kP
- kv P

Here k is a positive constant and P(t) is the fish population at time ¢ weeks. Suppose there were
initially 90,000 fish in the lake and that 40,000 remain after 6 weeks.

(a)[7 points] Solve the differential equation to find a formula for P(%).
JP

2P = -kt + (.

- N ,
F(o) = "IO’OU'U y 20 2J)0,0v0' = - -0+ C

:ol‘ﬁ; =t + G oQ

HAE |
((9) “o, UU'O) SO 2 “o,ovu’ = -'tﬁ—‘é + Guo

4

v e = Lo - 2:7200
6

Leo
3

o 2P = Coo- WO L

_[’P ) = '}(3:00? o4 2’3

(b)[38 points] Use your result in (a) to find the time required for the fish population to reduce to
10,000.

' ' 2
Solve (200- -S-;Q-t) = 0,000

300- _Ség.-t = (00

20 = 2—&
3
3.

| t= = rl 2 Weets‘)x

i!
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(‘7! N ( 2\
Question 11: Recall that sinh (z) _g ,') and that the Maclaurin series for e” is

7 x3 ,
e, —1+:c—|———-+3'+

a)[4 points| Find the first three non-zero terms of the Maclaurin series for f(z) = sinh (z
- wg!
ext ( x&)
stak (x‘) =

i
=N
—‘.
P
+
HR,
+
[
(]
+
!
>
1
NN
'+ A\
P
!
AU
(0
¢
—

(b)[3 points] Use a Maclaurin series to evaluate the limit

e —1—z—(22/2)

:%:li% 3
= ltm ()/-t'?('f 7;/-%‘3‘/""““ '/3/ }Z
X3
X
= L — -(-» X
X=30 L &
= \_L

(c)[3 points] Suppose f(z) is a function such that f(2)=3,f(2)=0, f"(2) =—1and f"(2) =2

Use a Taylor polynomial of degree 3 to approximate f(2.1). Round your final answer to three
decimals.

Toy= F(2) ¢ £ cz)(x-z) -ea‘-(z) (x- a) A (z.)(x—z)
= 3

c

+ (x-2)* +___(7¢ -2)°3

&

G @) T T @) 3o (et 2 (o)’

)
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