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Recap of Last Day

Theorem: Let f be continuous on the directed smooth curve ~
having admissible parametrization z(t), a<t <b. Then

/ f(2) dz = / C H2(t)2 () dt

Proof: Let P, = {z(ty), z(t1), ..., z(ty)} be a partition of v and
Az = Zx — Zk_q, Atk = b — t_1.

Since z(t) is differentiable,

/ _—_— =
Z'(t) Ay

where ¢, — 0 as Aty — 0.

continued. ..



Recap of Last Day, continued

So
AZk = Z/(tk)Atk — ekAtk

Y fzbze = D f(2(t)Z () Atk — exAty]
pa k=1

= Zf(z tk tk Atk—Zf Z(tk 6kAtk
k=1

continued. ..



Recap of Last Day, continued
Now let My = max |f(z(t))] and M, = max |e|. Then
a<t<b 1<k<n

Z f(zk) Az — Zf 7' () Aty

z(tk))ex Aty

IN

n
M; M, Z Aty
k=1

= MfMe(b - a)

Letting n — oo and u(Pn) — 0, M. — 0, leaving

2)dz - / " Hz(t)Z () dt




Also from 4.2:

Theorem: Let f be continuous on the contour I'. Then

2)de| < (n;grx\f(z)\)ar)

Proof: For any Riemann sum approximating the integral we
have

< > If(ek)l| Az

A

< max|f(z Z|Azk|

Now let n — oo and u(Pn) — O.



4.3 - Independence of Path



The Main Result

» Under certain conditions [ f(z) dz can be computed

without parametrizing I" .

» Theorem: Suppose that f is continuous and has
antiderivative F throughout a domain D. Then for any
contour I with initial point z; and terminal point z7,

/r (2) dz = F(zr) — F(2)

That is, the value of the integral is independent of the path
I" joining the initial and terminal points.
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Corollary to the main result

Corollary: Suppose that f is continuous and has antiderivative
F throughout the domain D. Then for any closed contour I (so
that Z] = ZT),

/f(z) dz=F(zr)—F(z)=0
r



Proof of Main Result

Suppose that f is continuous and has antiderivative F
throughout a domain D, and let I be a contour with initial point
z; and terminal point z7.

Suppose I' = v + 72 + - - - + v, Where each v, is a smooth arc
or smooth closed curve.

Foreachj=1,...,n,let z(t) be an admissible parametrization
of vk, where ax < t < by. Notice: zx(bx) = Zk+1(ak+1) -

continued. ..



Proof of Main Result, continued
Now, calculate:

/rf(z)dz = /f(z)dz

= [F(zk(bk)) — F(2k(ak))]

continued. ..
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Proof of Main Result, continued

This is a telescoping sum:

> [F(z(br)) — F(zk(a))]
k=1

= [F(z1(b1)) — F(z1(a1))] + [F(22(b2)) — F(22(a2))] + -
+[F(2n-1(bn-1)) — F(Zn-1(an-1))] + [F(2n(bn)) — F(zn(an))]
= F(zn(bn)) — F(z1(a1))

= Flzr)-F(2)
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Existence of Antiderivatives

Theorem: If f is continuous in a domain D and contour
integrals of f are independent of path in D, then f has an
antiderivative in D.

Proof: Let z, € D be fixed and consider
F(z)= [ f(w)dw
Iy

where I'1 is any contour from zy to z.We must show that
F'(z) =f(2)

continued. ..
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Existence of Antiderivatives, continued

Let I'> be the line segment from zto z + Az. Then

Fla) = Jm S

1
= Iim/ f(lw)dw — fwdw}
Az—0 AZ |: P ( ) ry ( )

continued. ..
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Existence of Antiderivatives, continued

OnTly, w(t)=z+ tAz, w'(t) = Az, where 0 < t < 1. So

F'(z) = /fz+tAz)Azdt

| _
Azao Az

= lim / f(z+ tAz)d
Az—0

= f(2)
by the continuity of f.
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One last theorem

Theorem: If f is continuous in a domain D and / f(z)dz=0

r
for every loop (closed contour) I in D then contour integrals of f
in D are independent of path.

Proof: Suppose 'y and I, are two contours from point z; to
point zr. Then —I', is a contour from zr to z;,so 'y + (—I2) is a

loop and
/ f(z)dz=0
F+(-T2)

continued. ..
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One last theorem, continued

Thus
/f(z)dz+/ f(z)dz=0
r —Tp

SO

SO
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In Summary
We have shown:

Theorem: Suppose f is continuous in a domain D. The
following are equivalent (each statement implies the others):

(i) f(z) has an antiderivative in D
(i) /f(z) adz = 0 for every loop in D
r

(iiiy Contour integrals are independent of path in D
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