Math 141 - Final Exam Apr 22 2013

Question 1: Solve the following system of equations using either Gaussian or Gauss-Jordan elimination
(no credit will be given for using any other method). Use proper notation to state the row operations used at
Oeach step and clearly state the final solution.

y + 2z + 2w = —6

X+ 2y + 5z 4+ 3w = 2
2x + y + 5z + w = -3
Ot 2z 7 -6
2 5 3 2 S W=t
2 1 £ 1 73 2= —AY-w = —25-+
\f](.—?fa"‘ ’ ‘ (é: L(‘-f
O x5 3 2 L= 3%+4QAW= 33+ 2t
o | 2 2 -6
21 s I -3
2 e o “ (reat, ve, a5, ) teR
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4+ 4+
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Question 2: Each of the following matrices in reduced row echelon form (RREF) was obtained from a system

of linear equations. For each of the reduced matrices,

-

\j (a) If the solution is unique, write the solution.

(b) If there is more than one solution, properly express the solution using parameters.

(c) If there is no solution, then state “no solution”

0100
() | 0 0 0 0| (the variables here are x, y, z.)

[(D
(i) | o
0

no  Soluhon,

OO N

0
@
0

O OO

} (the variables here are x, y, z.)
2=0, ué»-t , X< 2t

(—1+)—t)0) . teR.

o~ A
o W,
o N

} (the variables here are x, y, z, w.)

= 2-v-3t
%-,—_ [ =4y =-5¢ Vit eR.

0
0 -1 } (the variables here are x, y, z.)
1

A=S | y=-l_ = 2.

[1]

[1]

T Wt (1~ur=s+t, 2-v-3¢ ¥ t)
)

[1]

[1]

Question 3: If the system

2x — 4y =1
ax + 3y =2

has no solution what must be the value of a?

L lz 4 =0 > Gtda =0 T A=

o. 3

]
N w

L.
= =
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Question 4: For this problem use the following matrices:
111
O A=|35 4 B=[_f:f2
365

(a) Compute ABT — 2C if it is defined.

3]
(b) Compute tr ((A+1)(A—1)) if it is defined.
(/—}ﬂ'_)({:} I) 2.1 | o L Il= |6 Ar
36 ¢ 34 4 /\/S-l
36 blL3 6 4 s
o"a /t L - = -—
A r((A+ X A I)) L+$1+5) = [“og! -

(c) Determine A1 if it exists.

®© v vt o o | + vV o0
35 410 v o o@® !0l
3o S |0 o | O >~ ||3 v O
R =4
Hs Gty e et
= +
Q\}=(—3§T, +,) 3> GO
L v vl vo oo | o ofl | -l
oo -l |- -2
O 3 2|5 o | 3 8
th('\\)\( '
VoG e
'3 I o ofv 1 -|
| it o0 o 1 |]lo - |
W O 3 a 3 0 | o O @ 3 -3 & 5]
O a2 | (=3 0

p. 4 of 11




Math 141 - Final Exam Apr 22 2013

QQuestion B: Determine the determinant of A =

e e e i
I e Ol
Lol i N OO I )
W WD
[ I S S R 1
L |

(Row operations will make this much easier.)
Q s = 0= l \ ¢ N e
K+ (. )Y eV L A=2345¢

\

. \
A 3
0 2
0 by
O )

_Cw’_—t

So A (A)= MMDR) M) = !1‘1 \

e [4]

Question 6: Use Cramer’s rule to solve for y:

x+ y—-— z=1
2x + 4y + bz =-2
X+ y+ 2z=-1

11 -1 |
Notethat | 2 4 5|=6. = JdA(H

te that 2 )ga,}

[ B “)( M

2'3. g "HS 22 (-
TS Ec Q) =

o | A,
R i ]

| A

[4]
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Question 7: Suppose u, v and w are any vectors in R®. Circle true (T) or false (F), as appropriate, for the
following statements:

() @) us(uxv)=0 (}

_ F
(i) ux (uev) =0 T @
(i) u-u = [ulp? @ F
(iv) proj,v = proj,u T @
(v) If u, v and w are linearly independent, then u«(v x w) =0 T @

[51

Question 8: Determine the equation of the line in R3 that contains the point (—1,6,0) and is orthogonal to
the plane 4x -- 2y — z = 5. You may state your answer in either vector or parametric form.

W= (4,2,71) = oAivechon vector of line

o V)= e 0) + + (4,2,)

Q = )é*l-\—‘-!“t) Gtzt -{-D [3]

Question 9: Find an equation of the plane passing through the points P1(—1, 0, 4), P»(—1, 4, 3) and P5(0,6, —2) .
State your answer in the form

ax+by+cz=d

for appropriate constants a, b, ¢ and d. (We saw three different methods for doing this problem; use whichever
method you like.)

R = P—‘-]_’)z = (0,4,-1) V‘S“"‘é ?\(">U(“1)‘

=) -
v 'P'))3 = C(f(’i“g) ('—\8)"\)—1-() p (x.‘.,) Q__._o)%.,Ll).___
novued o plane (s ST o T 1l =0
S = Q- :’)‘ 4. — - —

0 Yy - [—\gx -y —dx =2 |

I 6 -0

A

1§37 -9 - Yk

= (-‘ ?)"' ) —Ll)

\

[5]
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Question 10: Suppose v; = (1,3,2), vo = (0,2, a) and vz = (1,1, 1) are linearly dependent. What are the
possible values for a?

Vo

a
L O

O =0 D M) -E)(~) () (ay) =0

= 03' -a& -2 =0
(O~2)(at\) =0
L&=2, a=~d 4]

\
|
|

Question 11: Let u; = (1, —1), uz = (1,1) and w = (2, —3). Find the coordinate vector of w relative to the
basis S = {uy, up}. That is, find (w)s .

aoido-a fEELEE), )
MIEH| ]H ° 0

2 [0 1 ¥
Q {.’\ ‘ .‘.-} l o 9\}

s (aw)=(%3) g

o a T

Question 12: Let p; = 1 + 2x + x2 and p, = 2 — x2. Find a third vector ps so that S = {p1,p2, ps} is a
basis for P, . (There are many possible correct answers here; give one answer with justification.)

Him CP;):S), S0 ewovgh +  fowel F;‘ a +bx foL So hat-
{

7 i C:, *+ O = (W(o+b) ~Z(2c~L>+o\(~1-o) *+0
! - = 2&'\'3‘0 LlC +0

so fake a=l, b—c,.o-

A

1S o soluﬁhov\,

o

[4]
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1 2 00 3 D200 3

. _ . |1 2 10 2 _loo@o -1
(/\Questlon 13: The matrix A = 3 6 10 8 has RREF R = 0000 0
1 -2 -2 0 -1 0000 O
Ky K %3 Xy Xg~

(a) Give a basis and state the dimension of the row space of A .
i 3 ‘
bosis S‘W_z(taz)o,oﬂ))(@‘O)Ho)-\)k

AmenSion. = 2

2]
(b) Give a basis and state the dimension of the column space of A .
dowsis Sco\ = g (\)\3,-\), (o)\)\ )-9\)}
amansion = Z,
[2]

(c) Give a basis and state the dimension of the null space of A . (Equivalently, give a basis and state the
dimension of the solution space of Ax =0 .)

O IO Ky = A4 Xe= T xp= tx = -3t -2
2. Soluhons ave ("':l‘f-3't’) v, 'C) A T )
= v (=2%,1400,0)+4(0,00\ 0)+t (-3,0,1)0, ')

< basis s { (=2,1,0,0,0) ) (00,01 0) ) (=3,0,1,01) 3 Am= 3, U
(d) Determine rank(A) and nullity(A) . )

vauK (A)= 2 ) M%(m: 3

[1]
(e) Determine rank(AT) and nullity(AT) .

VoK ()= 2 nultiby (A1) = 2

U/
[1]
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Question 14:
Let the transformation T; represent reflection about the yz-plane:

T )

and T, be the transformation which rotates a vector in R® counter-clockwise about the z-axis by an angle 6.

(a) Determine the standard matrix A for the transformation Tj .

WG] <9)-6) , n([8): [

(b) Determine the standard matrlx B for the transformation T .

) caf: D ?.:}‘; - O] 0
o ) S‘ ' ([0 ) z ol ~[0'
CoS®& —S:t«.& ®)
z = SIV\,@’ coses O .

© 1 3]

(c) Determine the image of the vector (1,2, —1) if it is first reflected about the yz-plane and then rotated
about the z-axis by 7/4 (or 45°.)

! -\

ﬁ\)/io -\ o 0 Y -t 0 -1\ -3/

Y5 Y o 6\ o 2—);7\\0 2| = \‘E
2 o o | |L 210 o | |- V12

o o \ -

[3]

(d) For any vector (a, b, ¢), will applying the transformation T followed by T, produce the same result as
first applying T, followed by T;? Explain using mattrices.

T.ZOT‘ oos ok ot Vi X ng: C,‘oSQ =Sm8& o)l 0 O _ |-CoSe 6 O
Aonclouwad s.we cos & o 10 ~SmwE& cos& o
o o0 | (@] o /

T1oTs bas - stoclael vtiix gp. o 0 fise 500 0) s siar o
- \1 ]Sp«e’ Cos & o] = \}fﬁy Cos6~ O
\/\) Since ,BA':)& Q’B -9'0\’ 30"3, &"' (

o o
[2]
T vesuek \will wet @m@
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Question 15: Find the eigenvalues and corresponding eigenvectors (that is, the eigenpairs) for A = [ : P } |
O
S A I
-2 3I-A
S (aA@B-N) -2 =0
= =Saer-2=o
= A -sa =0
= (A1) (>-9) =o
= A=, A=Y,
A=l AR =1

&S (- -

O .
=) I -1 o
O | [’Z z O] o~ Jc[]

- - ©
"Lt
O o o0
: N el
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