Math 122 Sec SO8N03/S08N04 - Final Exam
Apr 23 2008

Question 1:

(_)  (2)[3 points] Let f(z) = sinh (cosh™ z). Find f'(z).

£exy = cosle (wsk":() :

"

(b)[3 points] Find f/(1) if f(z) = arctan (\/z).

flexy = A Ll ox

3 o V()"

1C‘C\)= ‘Z _é_l:

()[4 points] Evaluate lim z?sin (i .
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Question 2:

(v (a)[3 points] Find f(z) if f'(z) = ** — -\/LE and f(0)>= 1.
-
Fex) = fezx—xzof(’x = g_:;_x_zx""—t—c,
[ o .
"?‘(,0)‘-\‘ SO /i(_‘az_ O_\_La) =>C=\¥_£;Ji

° Z_‘ ' )
MEO(): LX- 2 x 2 )
> 2

(b)[4 points] An object initially s(0) = 2 m above the surface of the moon is projected vertically
upward with an initial velocity of v(0) = 10 m/s. Using the fact that acceleration due to

gravity on the moon is a(t) = —1.6 m/s?, derive the formula for s(t), the height of the object
above the moon’s surface at time t seconds.

a(:\:) = -G

S oart) = f—w At = —lLet + ¢

Vo) = o, so “bero+tC =10 = C=(0

0‘0 (\r('e)z —|.C,-t_',|o

st = g‘i‘c‘t-i-\oa“—“: = Lot
5(0)=2 5y SO =6~ T

@ en rioenn )

e —————————

| (c)[3 points] Suppose f(z) is a continuous function with the property that

/ " () dt = sin (2) — / " cos (28) () dt .
0 0

( Find a formula for f(z). (Hint: differentiate both sides of the equation above.)
< (& = =/ si -
= fo ¢ )OL~L> dx(Sqw(Zx) L cos (2t) £(%) dt)
£

2eoS(2x)- cos(2x) §(x)

o F O+ ces( ;x)>= 2 co5 (2%)

fix) = _2¢oS (2 %)
C \ + oS (Zx)
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Question 3:

(a)[5 points] The following figure shows points on the graph of y
7
to estimate / f(z) dz:
0

Yy y= f(x)
A

= f(z). Use the trapezoid rule

Ax =

y
8

3 :
{ feoolx = éi—‘ [‘?(@-\)4« 2 £01)+ 2 ) +'M+2-F(é)+7°f=f)]

= 1
3 [ 3+ 2¢2+2-24+ 20 +2-(“)+l(")+l(")*0]

= 3 [3+ 9+ 4 +0+ (2) +(~2) +(=2) +o]

I
R

(b)[5 points] f(z) = ze” has second derivative f”(z) = (2 + z)e®. If the midpoint rule is being
2

used to approximate / ze” dz, how many subintervals are required in order to be accurate

0

b
to within 0.017 (Recall, the error in using the midpoint rule to approximate / f(z)dz is at
. a

K(®—a)®

most Y

, where |f"(z)] < K on [a,b].)

l‘ﬁ“(x)\ = 'Cz-t.y.)ex‘ < (Z-\- z_)e,?'

So  Hdudes K= I-_-[CL,

Ue ot )
K(b-a) ool
24T
2 3
4e” (2-0) 2 0.0\
24 Wt
, 2
S q4e W
(3Y(o.a V)
e 3.4 L

2
= YHe

Com [o2],

:‘,! n= 32_\
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Question 4:

(2)[5 points] Evaluate / 32® — zsin (z¥)dz = | _

A T = fozvfx > ysiw(x")zx A X

e
AN

(b)[5 points] Evaluate / E:r% Inzdz .
1
¥
Let T = J Y z \\'\7(— Ax
3/1.
L= I\z\')é 0('\1"" p'd A X
obas L ox s 1w >
X s
vy T = -
gwdw" LAU’-S‘,U.,,(,%
by 3.
:3\ > - 2 ]
YC”‘)X Zx "Lodx
- 3
~ = %(\n'x)'x -z f X A x
s
- 2 Yty E
= 2lex) x = -(2)7x

-° ¢ Z Y 2 3 (-
o0 S“ 7(,";" Iv\'x A X = [Z—‘F_(lwu) X/z,_ (%) X /L‘]
|
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Question 5:

(a)[56 points] Evaluate / tan’z sec*zdz = [

L :f Ton2x (/+t€owzx)56c2xo(x

A= ton x
= sectx oAx

= ff*'ﬁz(Ha’-)dM.
fuz—euf",a&w
= W

T
U
t+ 2
3 = tC

3
= cun C 3
) . +T0mx+c)
— ST

\/*

A\,

(b)[5 points] Evaluate . (The identity sin (26) = 2sin § cos § may be useful here.)

K = secs-
Ax = sec & 'l:aws» A5~

J‘Jsu &-| seto o pg-

sefg-
Tawse seco Mg ‘ ‘ & b=
. |
e e !
= f Sun O Ao 2T= Sec-‘(x)_.l X-)
.  Z7x
- - 20
f_i{_ C—OSE' A& secttn) Xz—l i C
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Question 6:

@ (a)[5 points] Evaluate f pecare de = T_
| S I “ C
X 1 x“°(x+) x plon g
[ = AX(x=<4) + B(x+tq) + Cxt
X “(x+4)
= (A+C) x* +( 48 +B)x + 48
x*( x+4)
SO REC =0
@ 4A+B =0
@ B =BG | @3 4ntieo i oas b
ao@=> C = —L

f (/le) Us) o)

Xt xe

AX

S~
-~

-

R NI R

L

3
T

b)[5 points] Evaluate the improper integral / —dz
(b)[5 points] prop gl | o3

JS X ol x, = (EM ’6 )
° Jax* .—f X __o/x

b~z o ot

- w - JaT ]
= (MM - = Vq= bt +\JCI-OL >
| b>2

0]

3
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Question 7:

(a)[5 points] Find the area of the shaded region:
Y .

2
j ()
™

y = sin(z)

o) /2 ™~

B J%s‘ 2 T
= W - = ' - "
. MR- E% oAx + J;I ()= siuxoAx
Z

<
—cosx—L X |T
= .t ><+Cas—x]
E.

'

(o) £ (it 0 « [l Foo st (& (55 )

‘:-\("/r-l-'t/- :,Z\

(b)[5 points] The shaded region is rotated about the vertical line z = w/2; set up the integral
representing the volume of the resulting solid. DO NOT EVALUATE THE INTEGRAL.

Y

i e
T

y = sin(z)

’Z‘..

/2

=

Z .
S U= fo 27 (F-x) CS""“X)"%E x) SAx

shelAl L (T;_--'x) (Sl‘vx(ﬂ - ‘;—,X) o(Xl
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Question 8: Consider the graph of the following ellipse:

)
A
2 x2 y2
il St
16+4
) 4,

If the ellipse is rotated about the z-axis the resulting solid is called an ellipsoid (which looks rather
like a watermellon).

(a)[3 points] Isolate y in the equation above to.find a function which describes the top half of the
ellipse. ) 2
A 4

fogs - %)

(b)[7 points] Use your result in (a) to find the volume of the ellipsoid.

Us: cKS 2
g a(«:Ks‘f N
N
~— 4 z
Vs (Jra-5)) o
-Ll ’
L 2
= fo 4 1= XZ—)
S, ( Lc,) X
. 1
o
= ?W[q—” _é_:f_]
“F
= | ¢t
3
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Question 9: A rectangular fish tank of length 4 m, width 2 m and height 3 m contains water to a
depth of 2 m. Recall that the density of water is p = 1000 kg/m3 and acceleration due to gravity

C’ is g = 9.8 m/s2.
r O

4

(a)[5 points] How much work is required to pump all of the water out over the edge of the tank?

wealé»:t o slice ‘6 Wl o olepth % = (L\)(L)Ax(cg

S Lk weceu-wul +© [t 05 sViee b JmP (1 ok

(s (H)(L)Aych = Fegx Ax

C - x=3

o Toed wor s J‘ Fegx oix

x=|
L3
= ?6‘3_ [?&L_]
|
S ey
= 32(93’

= (32) (1000)(3.8)

= E\ 3,600 NE

(b)[5 points] What is the hydrostatic force (force due to water pressure) exerted on one of the
long sides of the tank? Recall that pressure P as a function of depth h is P(h) = pgh where

p is the density of the liquid and g is acceleration due to gravity.
O AN % Sty u& wieltfin. 4X 75 M Ax
force o L) s'(;r.'? s Haxeqy (x-)

&0

T L o
. ) J 4 eg (x-1) olx
x=\

3
= ey §) e et

- 3
Heg [ -],

C)/ . = 4 63_[% - é]
= (¥ )(1ooo)(5.8) =

= ?ij —
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Question 10: The fish population in a large lake is infected by a disease at time ¢ = 0, and the
declining fish population is described by the differential equation

dP
%u—k«/ﬁ.

Here k is a positive constant and P(¢) is the fish population at time ¢ weeks. Suppose there were
initially 90,000 fish in the lake and that 40,000 remain after 6 weeks.

(a)[7 points] Solve the differential equation to find a formula for P(¢).

3
2Jp =

Po) =9 O’O'U‘O

-t +

)So

°

2P st

?<G) = Ho, ovu

AP =J-—«hobf

01 2 MHoyom! = -6+ oo
o o= b - 2+200
é
= oo
3
o Zf?—’: Coo - W9 L
3

"N

Un-e):

w0

(b)[3 points] Use your result in (a) to find the time required for the fish population to reduce to

10,000.

Solve C?oo -

i

300- _S;_?Q-t = (oo

200 = 59—(:
3
t= 32200 197 weeks |
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& e
Question 11: Recall that sinh (z) = R and that the Maclaurin series for e® is
g2h 273\:
— 1 il
e®. +z -+ o1 + o 3] +-

(a)[4 points] Find the first three Ig\ln—zero terms of the Maclaurin series for f(z) = sinh (z?).
z ( 2_,'3
e x~ X
stk (x”) =
2

6+,x"+ %Li-t- ?—‘-f +aw)-—(l—.xz:ﬁ- Zﬁi'*)
= i s - 3] 2L 3/
2

_ v ¢ ¢
= [ xtr X X e
3/ s! |

(b)[3 points] Use a Maclaurin series to evaluate the limit

e —1—z—(z%/2)

;:li:% x3

- [twn (1/-(—;/1- y/-i' x/*""“)"/% 792&

X~

X

= b, — + ;@i-ﬁ—«»w

X=0 : 7
= \ L

¢

(c)[3 points] Suppose f(z) is a function such that f(2)=3,f(2) =0, f"(2)=—1and f"(2) =2
Use a Taylor polynomial of degree 3 to approximate f(2.1). Round your final answer to three
decimals.

Toy= F(2) ¢ -Fcz)(x~z) —f%&) (x- &) vy (1)(}02.)

3 -—(xz) "’—-——(xz.)

S £la) = 7;(7..1) = 3- 7’_ (a.\)l'(' 3"—' (oal)3

)
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