Math 152 Sec S0601/S0602
Notes on Binomial Theorem and Sequences

1 The Binomial Theorem: Another Approach

1.1 Pascal’s Triangle

In class (and in our text) we saw that, for integer n > 1, the binomial theorem can be stated
(a+b)" = coa"™ + c1a™ b+ coa" 20 + -+ cprab™ e b

where the coefficients cq, c1, . .., ¢, are given by the n'® row of Pascal’s triangle:

For example, to expand (a+b)°® we would construct the triangle as above, and read off the coefficients
from the fifth row to conclude:

(a+b)° = a® + 5a*b + 10a°b* + 10a®b* + 5ab* +b° .

It would be nice if we could determine the coefficients cg, cq, ..., ¢, without having to construct the
first n rows of the triangle. Fortunately, there is a way to do this...read on!

1.2 Factorial Notation and Binomial Coefficients

To obtain the coefficients in the expansion of (a + b)" for integer n > 0 without first constructing
Pascal’s triangle, we employ the factorial function. For integer n > 1, define

nl=1-2-3.---n,

and if n = 0 we define 0! = 1. So, for example, 3! = 6, since 3! = 3-2-1. The expression n!
is read “n factorial” and this function arises in many areas of mathematics. n! is the number of
different ways of arranging n distinct objects, so it is useful in the study of probability and counting
arguments.

We often have to simplify expressions involving factorials, as in
Example: Simplify

(n+3)!
n!

Solution:
n+3)! 1-2---n-(n+1)-(n+2)-(n+3)
n! 1-2---n
=n+1)-(n+2)(n+3) O

p. 1of9



Math 152 Sec S0601/S0602
Notes on Binomial Theorem and Sequences

Using factorial notation, we can now define the binomzial coefficient (Z) For integer n > 0

and 0 <r <mn,
ny _ n!
r) (n—r)r!’

The expression (Z) , read “n choose r” is also commonly denoted ,,C,.. Although we will not prove

it here, one very important interpretation of Z (or ,C,) is that it gives the number of different

ways of forming a subset of r objects from a collection of n distinct objects.

Example: A lottery consists of randomly drawing six ping-pong balls from a collection of 49
numbered ping-pong balls. How many different outcomes are possible with this lottery?

Solution: We have 49 distinct objects and we are forming subsets of six, so there are

49\ 49!
6 )~ 316!
| 444546474849

1-2-3-4-5-6
= 13,983,816 .

So there are 13,983,816 possible outcomes for any particular draw. In other words, if we bought
a single ticket with six numbers, the probability of our ticket matching the six numbers drawn is
1/13,983,816. ([l
The reason we are interested in the binomial coefficients is that these are precisely the numbers
which appear in Pascal’s triangle. That is, entry (r + 1) of row n of Pascal’s triangle is (Z’), SO

we may think of Pascal’s triangle as

. 2)(8) 2 (i)<2
- () Z)(?) @(2 o8
000000

Using binomial coefficients, we may now restate the

Binomial Theorem: Let n > 1 be an integer. Then

n __ n n n n—1 n n—232 n n—1 n n
(a+b)—<0)a +<1)a b+<2)a b* + —|—<n_1)ab +(n)b.
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The binomial theorem in this form makes it much easier to answer questions such as

Example: What is the coefficient of z'3 in the expansion of (3z — 5)

209

Solution: First, write

(32 — 5)* = [(3z) + (=5)]*"

so that, by the binomial theorem,

[(3z) + (=5)]*

y

200) (32)% + (210) (32)Y0(=5) + (220) (32)(=5)2 4+ -+ (fg) (32)1(=5)" + @8) (—=5)% .

The z'3 term is

20 13 7T _ 20! 137,.13

and so the coefficient of '3 in the expansion is

Note

20!

~ a3 5" = ~9,655,618,668.750.000 .

that, in this case, computing —9,655,618,668,750,000 is no simple task, and so it is cer-

20!
tainly acceptable (indeed preferable!) to state the coefficient in the form —-—_-3"5" or even as

13!7!

(20 q13c7
()55 .

1.3

. Simplify oLl

Problems
1
47"

009°L66'G sue

2. For integer n > 0 and 0 < r < n, simplify
(1) -(20)
r n—r
3. Expand (v + /y)*".
‘ St el + ATQ + o i ey + L sue ‘

4. Expand (2% — y?)5.

‘ tfi = afigTG + G TOT — ofigTOT + (figtG — (@ isue ‘
5. Simplify (g) (g)

p- 30of9



Math 152 Sec S0601/S0602
Notes on Binomial Theorem and Sequences

6.

10.

2.1

Find the eleventh term in the expansion of (2a — b*)'3.

024¢PS8]TT Sue

A poker hand of five cards is dealt from a deck of 52 playing cards. How many different hands

are possible?
096865 sue

Find the coefficient of 2" in the expansion of (1 + x)?" .

|(i)/i(ug) swe

(x 4+ h)" — 2"

Suppose n > 1 is an integer. The expression is not defined if h = 0. However,

if you first simplify the expression (assuming i # 0) and then set h = 0, you get a very simple
result. What is it?

If the coefficients of 22 and z° are the same in the expansion of (x + 1)", what is n?

Sequences

Overview

A (numerical) sequence is a list of real numbers in which each entry is a function of its position
in the list. The entries in the list are called terms. For example,

1 11

17 ? Y AR
23 4

is a sequence with first term 1, second term 1/2, third term 1/3, etc. A sequence is typically denoted
{a,}2,, where the subscript n, called the index, indicates the position of the term a, in the list.
That is,

{an}zozl = ag, a2, as,
T T i
1st 2nd 3rd

term term term

The terms of a sequence are often given as a formula, which gives us the “recipe” for the sequence.

o0

For example, the sequence {—} written out is
n

n=1

1> 11
n n:1_1727 ) y ot

Wl
] =

Here, the general n'® term is a,, = 1/n, so a; = 1/1, ay = 1/2, and so on.
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The index does not always start at n = 1. For that matter, the index need not be denoted with the
letter n. For example,

{2F10e =20 2% 22 2%
=1,2,4,8, ...

Here, a, = 2%, k>0 .
Here’s another example:

Example: Define a sequence by by = k/(1 +2%), k =1,2,3,.... Write down the first three terms
of the sequence.

Solution:
bi, ba, b3
1 2 3
14217 14227 1423
121
T35 3

We are interested in two specific types of sequences: (%) arithmetic and (it) geometric

2.2 Arithmetic Sequences

Definition: A sequence ai, as, as, ... with the property that

ag—alzd
a3—a2:d

a4—a3:d

Ap — Q1 = d

is called an arithmetic sequence with common difference d.

In simple terms, an arithmetic sequence is characterized by the property that the difference between
consecutive terms is the same. An arithmetic sequence is also called an arithmetic progression.

Example: Let a, =5—2n,n=1,2,3,...

(i) List the first three terms of the sequence.
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(7i) Is the sequence arithmetic?

(#i) If yes to (ii), find the common difference.

Solution:

(i) The first three terms are

ai, ag, as
=5 2(1), 5—2(2), 5 — 2(3)
—3.1, -1

(7i) Suppose k > 1 is any positive integer. Then

Qg1 — Ak
=[5—-2(k+1)]—[5—2(k)]
=5—2k—2—-5+42k
=—-2

Since k was arbitrary, we conclude that the difference between any two consecutive terms is
—2, and so the sequence is arithmetic.

(#i) From (ii) we conclude that the common difference is d = —2. O

Example: Suppose {a,}°, is an arithmetic sequence with first term 3 and common difference
7/3. Find a formula for a,,.

Solution: Since the common difference is 7/3 and the first term is 3, write out the first few terms
to establish a pattern:

a1, Az, az, A4, ...
=3,3+4+7/3,3+7/3+7/3,3+7/3+7/3+7/3, ...
=3,3+7/3,3+2(7/3), 3+3(7/3), ...

By inspection, we see that term n has form 3 + (n — 1)(7/3). That is, a,, =3+ (n — 1)(7/3). O

This last example generalizes to give a standard form for arithmetic sequences: an arithmetic
sequence {a, }°°, with first term a and common difference d has n'® term a, = a + (n — 1)d.

2.3 Geometric Sequences

The general development of geometric sequences parallels that of arithmetic sequences, except that
we consider division by a common value rather than addition:
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Definition: A sequence ai, as, as, ... with the property that
a2
— =7
ay
as
— =7
)
Q4
— =7
as
Qp,
=r
Apn—1

is called a geometric sequence with common ratio r.

For a geometric sequence, the ratio of consecutive terms is the same. A geometric sequence is also
called a geometric progression.

3 e¢]
Example: Let {b,} >, = { } :

n—1
7 n=1

(i) List the first three terms of the sequence.
(7i) Is the sequence geometric?

(#i) If yes to (ii), find the common ratio.
Solution:

(i) The first three terms are

bla b27 b3
3 3 3
Tolol 21 3ol

3 3

-3 2 =2

T 7749

(#i) Suppose k > 1 is any positive integer. Then

brt1
by,
3 3
=mri1/ 7ha

3 7k71

NGED
1

7

Since k was arbitrary, we conclude that bg.;/by = 1/7 for all integers k > 1, so that the
sequence is geometric.
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(#i) From (ii) we conclude that the common ratio is r = 1/7. O

Example: Suppose {a,}>°, is a geometric sequence with first term a and common ratio r. Find a
formula for a,,.

Solution: Since the common ratio is  and the first term is a, the sequence has the form

ai, ag, az, G4, ...
=a, a-T,Qa-T-T, Q- T-T-T, ...

=a, ar, ar®, ar’, ...

By inspection, we see that term n has form ar™~!. That is, a, = ar"!. 0

This last example leads us to conclude: a geometric sequence {a, }° | with first term a and common
ratio r has n'* term a, = ar™ 1.

2.4 Problems

2n —1

1. Write the first four terms of the sequence defined by a,, = ,n>1.

n? +2n

ve/L6/1 '8/g ‘¢/1 e

2. For the sequence {a, }2°, with first five terms v/2, 2, v/6, 2v/2, V/10, give a possible expression
for a,,.

ug N sue

3. Find an expression for a,, for the arithmetic sequence 3/5, 1/10, —2/5, ...

lo1/c(1 —w) — g/g swe

4. Find the 14'™® term of the arithmetic sequence 3, 7/3, 5/3, ...
€/L1— sue

5. An arithmetic sequence has a;; = 25/3 and agy, = 95/6. What is ag?
9/11 sue

6. If a; = 25, d = —14 and a,, = —507 then what is n if the sequence is arithmetic?

6s :sue

7. Find the 23™ term of the geometric sequence 7/625, —7/25, ...

opG - L Sue

8. Find an expression for a,, for the geometric sequence 2/x, 4/2%, ...

w(T/g) sue
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9. If a geometric sequence has ay = 8/3 and a; = 64/3, what is a;?

10. A geometric sequence has the property that a, .3 = 27a,. What then is r?

¢ sue
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