Math 121 All Sections - Final Exam Dec 10 2009

Question 1 [12 points]: Evaluate the following limits, if they exist. If a limit does not exist
because it is &o0, state which it is and include an explanation of your reasoning. You may use the

fact that lim e 1.
z—0 I
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Question 2 [8 points]: Consider the function f(z) = z® — 2z% — 1.

() Find an equation of the tangent line to the graph of f(z) at z = ~2.

B(x) = x7-29hy ; £(-2) = (‘1)3'2('2)1—/ = -7
l — /
Fx)= 3x7'-4;¢ s §(2)= 3(—,?”)341(—2): 20

4 Y- (-F)= 2o(x- (.;))

ﬁ+l'~!—= 10(x+,LD
~ L?’f: 20 % + zﬂ

(b) Find the z-value(s) where the tangent line to the graph of f(z) is parallel to the line y = 4z~2.
\
Solve Foa)y= 4
2
3x —dx =4
3 -4x -4 =0
T -
In —bx+ Ax "4 =0
5 (x-2) +2(x-2) =0
(3x+2)(x-2) =0

Ix+2 =0 , . X=r=e

-2 -
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Question 3 [15 points]: Differentiate the following functions (you do not have to simplify your
answers):

(a) y=4In(3z* - 52?)

m&" = l . (lzxg-\ow>

3x -5

e —zx
b =
(b) 'y z% +sinz

‘31; (‘xz-&-s;v\'x.)(cx—l) - (ex-)c) (2 x +cos;¢)

(x*+ s(ux) -

4}’ < (gxlws) secx + s’x (s‘«ec x oo x)

-2
(d) y:<5x3__a;>ecosz - (S—XB-?—'X )660575

'\3/: '(/YX?'-i- o xd) Ccéjx + <§')e3— :I"x') ewsx(.s.}\x)

(e) y=tan(y/z%—logsx)

= 522 (FT57) - 4 (xiog ) ~ (3 )

%\ ¥
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Question 4 [5 points]: Use the definition of the derivative to find f/(z) for f(z) = 7
z

score of 0 will be given if f’(x) is found using the differentiation rules.)

\ g
= e FX=L) - f(x)
:P ) h=o N

_ (G 3 . S
h=>o X+ +3 X+F

= L‘:ﬂ 4 [‘%+/9(|/~/3/f~3k;,y»
N
(x+h+F) ( X+ 3)

(A

— L‘\?M L . —BJ,(
T (3 (47

—3
(9( —f‘q)l
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Question 5 [10 points]:

d;
(a) Use implicit differentiation to ﬁnd Y

for eV = dg? — cosy .

[e"v]« g [ ws:,r]

‘['311- ixgyf] = ¥x + 5‘1'»9 . 3’

2
X

\37.67‘3 +t2xy e ‘33'= ¥x + waa"}’

2 2
V}I [ngex?—s:w‘é] = X - gzexg

!

’\9 =

(b) Use logarithmic differentiation to ﬁnd
N “
g

!
7 4

K
727 X
Tx-Y9Y e ¢
ZxQeg—s‘(w%
sin®0 z
fory—m.

R 1)
n| Gux)
--_-)_'x"-'ix«-l

lo lw(Sl‘«y) - (XEVX"H) [ F

10 cosx - (2x-4) nF

S‘:k\%

s oo o cosx _ (ax-4)[.?
:?_'x‘l-—‘/xﬂ St X

——

F

. YO
e e ﬂowtx—m(vf“ ‘*)]
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Question 6 [10 points]:
(a) Find the general antiderivative for each of the following functions:

(i) f(z)=—sec’z —4dsinz+ 7"

F(x)=- tanx + Hcosx +'—?—ex+a

_ 32% —dz +2V/43
e

(i) f(=)

(b) Find the function g(¢) such that ¢'(t) = 5¢* + 92 and g(~1) = 7.

5
) = st , at’, ¢

v T3
= e384,
GED=F B 2o @)T36)° +C

1= -1-3+C
C'_‘ /l

Lo { G = £°+3¢% 4
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Question 7 [10 points]: The graph of f/(z) is shown below (note this is the graph of f/(z), not
f(=)): '

P

y = f'(z)

(2)

(b)

(c)

(d)

(e)

On what interval(s) is f decreasing?

$'xx) <0 = £ a&eor-cgji»\g
)
F (==3b) U (p,o0)

At what z-value(s) does f(z) have local minima?
| . vl ,
+ M%Mg Frowm v\eao\:lztve o pos! tit D [ocal min.

-

o K=b, x=o

On what interval(s) is the graph of f(x) concave up?

£ 'muep..s'mtg=> F'30 = F Ctoncace wp.
S(oee) U(g,v) v (s,4)

At what z-value(s) does the graph of f(z) have inflection points?
|

¥ %«M\ai o creasia b oloovens (w vice ensa)
= fnHeofom poivt 9 3 )

LoXsC, %=q, e, X=S

At what z-value(s) does f”(z) not exist?

’X:\f) X = T,
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Question 8 [5 points]: You have completed the analysis of a function f(z) and found the infor-

mation listed below. Sketch the graph of y = f(z).
e The domain of f(z) is (—o0,2), (2, 00).

¢ f(z) has the following function values:

s [—6]-8[-1]0[3[6]9 ]
@[ -2 0|3 [5[0]2|-1

e lim f(z)= -3, mli)r_nmf(z) =00 /

o lim f(z) = —o0
 f1(-6)=f(0)=f(5)=0 v

o f'(z) >0 on (—6,0) and (2,5)v

e f(z) <0 on (—oc0,—6), (0,2) and (5,00)
o (=) =f"9)=0

e f"(z) >0 on (~o0,—1) and (9, 00)

e /"(z) <0on(—1,2) and (2,9)

 J
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Question 9 [12 points]: The function f(z) = %y has f'(z) = (w, +1)2 and f“(z) = 2e(w?—3)
(a) Find the intervals on which f(z) is increasing or decreasing

T (@241
' = I2X_ =0 ar x =l -

& @ @
¢t )=/_')‘_72. - o0 4+ o -
& R
x -\ < \
=2~ \u =z 3
Foe) XF *
0o ous mcf&i"'\? on (- ) )a(ec/\ff,ai;w} ow (-00 ')u(lw)
(b) Find the local maximum andv minimum values of f(z)
e .
5: hes oo \OCQ/QMWI‘MULW 4 z/ at xX=-,
Flas a loced e vmum .@ T ot x=1.
(c) Find the intervals on which f(z) is concave up or concave down
£ = 2x(X¥3) _ 5 at A=0, 3, - 3
(x%1)°
5 o 3
@ @ O o
oy 2x(xk) L. o o + o - o -+
Qc-\—l)
S = T AU - e W R
o H 4 4
o ¥ IS concorve P on («-J_‘o)()(roa
contavt oslomn ~ o0, — '
(d) Find the inflection points of f(z). o ( ‘r) v ( ©) ﬁ)
-d3 -J3
( > g ) (O)O)) ( J?) _*E,_ '
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Question 10 [8 points]: A straight wire is 60 cm long: The wire is bent into the shape of an L,
where the bend forms a right angle. What is the shortest possible distance between the two ends

of the bent wire?

\(O
Lo-X &
X
2 &
Lo = [ (o] | 0l X & 6O

"

Liexl = 2 [ 2 (vo-2x) ?'sz“):z" +2 (6o —x)(‘»:)]

4x ~\20 -

- A}
2 Jx*+ (6o —X)L

i

Z2x ~ 60

\)'Xl-f- (60 -—7()2-‘

fl

%\CX) =0 ot X =30

o X(x) wet exlst? wo Suide A,

2 ~ 1\

K o) =) %% (ho )™
o 6O

20 | Jsoth 30¢ = 7003
60 60

o The shortes? Fossf'% ST Ame S

ov

307! e,
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ke Question 11 [10 points]: Two ships, the Erebus and the Terror, are sailing the high seas in
search of the Northwest Passage. At 6:00 am, the Erebus is 30 km north of the Terror. The Erebus
is sailing west at 8 km/hr and the Terror is sailing east at 12 km/hr. How fast is the distance
between the ships changing at 8:00 am?

E
M
30
S A
A
s X J
rra g RE QU
o At ~

E I~
«((Q
Jo
LA
A - 20
ot
Fod oL e = (2)(5) + (2)(12)
At
h
L= o™ e

:‘i[3a +u] [zu.ﬂ(%

A
g [ 30T 4uo™ ] " [ruo - 2]

FO° /6 —Amn

—
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e = 4o :
A
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t

]
\

4

fe DisTamce bifueen slips s incvensing by
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Question 12 [10 points]: A cylindrical can with a bottom but no top is to be made from 3007

square meters of aluminum. Find the largest possible volume of such a can. (Note that the volume

of cylinder is V = nr2h.)

‘,

\/ = ’TC\/‘LL\.

W S=
ﬂﬁXI'M‘?e
Smbjﬁr?" 4o
2.
TV +2mmvie = 3po

o = 300 T
KNV

300 =~ v
M

L
TV o+ LTV’L\« = 304¢TT

V= aevte

T
TV ¥2mwvhe =300

2

2.V

do V(v)= * | 3o0-vt
AR ey
\/‘(\r): T

f(

7{ [30D ~3V‘Zj

= I v (o’oD—V‘")

[3’00-v72‘ + -,u»)]

\
- 2.
NI¥) =0 = 350~ 3" =0
"
oY vo= éﬁ_o = lo)
3 i N
Sithee V- >0,
/ \O
C f } 1 >

V'zEfm3e)s + o —

V(r )=f~' V‘Caaa-r"): A oo T \4

lovo T \m3

.

M Tle ,Qa/\s,zﬁ' pos‘ﬂ'L{e ualm —{5'
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Question 13 [5 points]: Consider the function f(z) = az®+ bz?4-c. Find the values of a, b and
c so that (—1,0) is a point on f(z) and so that f(z) has a point of inflection at (1,1).

=0 > -a tb+C =0  ©
$(y=t = a+brC =] ®
Fly=o = f:—-}:gaxl—t-&b'xj =0
x=|
==> C:O(X-t-.li)( =0
x =
boo +ab =0 | @

us'nw} ® : Glh) «2b =0
b = -2
2

wowva @3 L -2 40 o
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