Math 121 All Sections - Final Exam

Dec 8 2008
Question 1 [12 points]: Evaluate the following limits (you may use the fact that glclir(l) %a_: =1}
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Question 2 [8 points]:

(a) Let f(z) = vz + 1. Use the definition of the derivative to find f’(z). (No credit will be given
if f/(z) is found using differentiation rules.)
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(b) Find the linear approximation to f(z) =+z+1ata=3.

Cox)= a0y H3) =0 =2
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Question 3 [15 points]: Differentiate the following functions (you do not need to simplify your
answers):

(a) y=5cos(z’ —8z)

g's -ssin(xex) . (35 g)

(b) y=¢€cotz

/ x X
9'= € ecotx - e esx

() y=-2Y2

er — nx

(Use the Quotient Rule.)

Q' . (€™ wx) 2- -LLx’Ji~ zb?(cch)

(ex -7 x)z'

(€X~ Tx)lx-‘/z-— 2 x & (cx-'m)

<€>C_ 'ﬁ‘“)c,) =

(d) y= m34ta.n T

{ tan
6[': 3)(,7'4{ ank 3»{{'&4:«\%

-+
x . /"\—A/‘S‘ef,z”x

L
© v Vi o) ‘(lOQj,(Xz—CoS x)]”

-4
3/: —LS[{O‘g; <X1’Cos x)] r l . (ZX +Stov\>€)_
G(L~cos x)

p- 4of 14




Math 121 All Sections - Final Exam
Dec 8 2008

Question 4 [10 points]:

(a) Find the general antiderivative of the following functions:

T

(i) f(z) =sec’z + 3sinz — %

F(x)= tanX — 3cosx —L e
" Jecosx -4 e +C

, 43 3 ~% -
(ii) y:g‘f_“:;@ = 2X = x 47y {
— b3 ' .
ﬂao ,_( = é
X 'zl{x - X Flnfx] +
X % |

(b) Find the function f(t) with f'(¢) = 4t>+ 2t and f(1)=9.

¥ 2
) = f
R s

FO=9 = J+i+d=9

.0 C = ?_
S ey = Tt +7.
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Question 5 [10 points]:

(a) Find j—i by implicit differentiation:

ry +e*® =sin (z +y)

g+ x;;' +3€ " < Cos (Z+y) C1+y)
q* Ry' + 3% = cos (x+y) + g'cos(%*g)
g|(76~ o (’m—g)) = CoS (x-(-g) "Q' 3€3><

.. L}' = Co;S( X‘b;) -\:}_‘3837<'

K cos(xeg)
(b) Use logarithmic differentiation to find Z—Z:
_ 3sin:c
Y=z + 1)

+—u'= cosx I ~10 L.
3 x|

. g»I - <C/o$7<‘(n 3 - 20 ) 35’1&7(

29(-{—' (lx-ﬂ)w

p. 6of 14




Math 121 All Sections - Final Exam
Dec 8 2008

Question 6 [8 points]: Consider the graph of f/(z) below (note this is the graph of f'(z), not

F(2)):

y = f'(z)

Y

S )
o
i
6
-
w»
e
5]

(a) On what interval(s) is f increasing?

(C)P3 % (rfa

(b) At what value(s) of z does f have local minima?

X=C | x=V

(c¢) On what interval(s) is the graph of f concave down?

Cayh) \ (d)%) ) (Sﬁa

(d) At what value(s) of z does the graph of f have points of inflection?

x=b x=d, X=g X=S
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Question 7 [10 points]: A water tank has the shape of an inverted circular cone with top radius
6 metres and height 18 metres. Water is pumped into the tank at a rate of 10 cubic metres per
minute. How fast is the water level rising when the water is 2 metres deep? (Recall, the volume of

1
of a right circular cone of height 4 and radius r is V = gvrrzh.)
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Question 8 [10 points]: A rectangle with base on the z-axis has its upper vertices on the curve
y =12 — 2? (see figure below.) Find the maximum area of such a rectangle.

A
y=12—2?

(%, \2-x¥)

v Alx) = Zx ((2-x%).

Wx?vw(jc Atx) @ [_O,ﬂ—z"—}.

v4‘<k)= i(/::x”)-e,zx(—lx)
= 24— (x*
6 [ 4-x*]

= 6 (2-x) (2+x

]

X | Ao
o) O
2 4 (11-@ =32

4

o Tha WOX (maum avea ‘S g2 um‘-hrz,
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Question 9 [10 points]: A rectangular box without a top is constructed from cardboard. The
length of the box is equal to three times the width. The volume of the box is 18 cubic metres. Find
the dimensions of the box which minimize the amount of cardboard used.

L
Let Sz surtece arvea
A=3w “ ot box.
V=18 m?® S0 S= Ler 244+ 3000
L Awle =Ly | L
= 3w + 4wk L
Gw)uI/\‘:(S’ W Tl
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3.4 = LY
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3w wr
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)
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Question 10 [5 points]: Suppose you have analyzed a function and found the following:
1. the domain of f is (—o0, —4), (—4, )

2. f has the following function values:

z |—8]—6]-5]—-1] 0] 2|3
F@ | 3| 5| 0] 0]—-1]|—2|0[4]0

@3
o

3. limy oo f(2) =2, limg_e f(z) = —00

4. limgy_,_4+ f(z) = 0o, lim,_,_4- f(z) = —00
5 f(-6)=r'(2)=r(5)=0

. #/(z) > 0 on (—c0, —6) and (2,5)

. f'(z) <0 on (—6,—4), (—4,2) and (5, 00)
(-8 = () =0

. f"(z) > 0 on (—o0, —8) and (—4, 3)

© o N O

10. f”(z) < 0 on (—8,—4) and (3, 00)

Neatly sketch the graph of y = f(z).

(-65)
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Question 11 [12 points]: The function f(z) = z%¢™® has first derivative f'(z) = (42° — z*)e™®
and second derivative f(z) = (2 — 8z® + 122%)e™? .

(a) Find the intervals on which f(z) is increasing or decreasing.

?l(')() = = L(%S’_quo

= 27 (4-x)=>

= X=o, Y
o 49
A ! { t ~7
—_— ] !
&) 0 &
ey ¢+ — o + ©° 7
A
fog N o 7 e
Co £ lneveas ow (04), deueqs:‘mi o (—°°)°)U(‘h°")'

(b) Find the local maximum and minimum values of f(z).

§ s o locad mininvninn % ¢ ok %X =0 .

= -
L los @ local wmeoximunm of 25ce ot =4

(c) Find the intervals on which f(z) is concave up or concave down.
w '
Fiy=0 = X9 x 12 x" =0
[ 2
X (x -¥x -Hz) =0
L
% (x2)(x-6) =©

x=0o, 2,6
2 [

@1@#@'@’

f(xy: 4+ o + O - O +

-6
-7
Fex) Y Ccw 0w e cel. 1296€  Cy(h.

o £ s cw oo (~ o0, o) U (6.2) U (6,%°) ; Ceoke o @),
(d) Find the inflection points of f(z).

(2,16€%) (6, 1236 e_c’)
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Question 12 [5 points]: There are two tangent lines to the curve y = 4z — z? that pass through

the point (2,5); see the diagram below. Find the coordinates of the points where these tangent
lines intersect the parabola.

y
A
(2,5)
2
(&) Ho—a )
=5l ,
e W= Slope
y = 4x — x?
Vo
o
m = R -~ p
oA x = H-AX‘ = Y-2a.
X =p_ x=q
MSO , v = Jaealt - 5
A -2
L] z
e Ha-a -§ 4 26
a-2

“fa-ﬂl‘s' = (“(’2"‘)(‘?\’3*)
Y6 - K -5 = 44 - 2a"~ ¥ +Y4a

2
& -HYa+3 =0
(@=3)(am) =o

Lopots ek (1,3) 2 (33)
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Question 13 [5 points]: Suppose f(z) = aze®® where a and b are constants. If f(1/3) =1 and
y = f(z) has a maximum at z = 1/3, find the values of a and b.

3b
)= > a)e’ =1 0
£(5)20 = aTiaxeb oo
=3
Ly b —p

> ae +atloe
+b
= a63<l+-%):0‘“C)

S a=0 o L = =3

bt ol F o Mw% O, s0 L=-3,

' + 3
o D= a(é)es' 3:(
~(
& e =|
3
a= 3¢e
Loa=3e
b= -3
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