Review questions for Math 151 Final Exam November 2005

imolify: (@)~ o2 gy I, B 1%2%1%&%(1%
Qusmplify: @ -5*5s O g © JE-JELEyE @ ¥
(25ab)
Q2. Simplify using only positive exponents.
2,6 3 3
(D ey v -—u
(a) (X +y ) (b) 5) 2 -3) (C) V(_Z)—U(_Z)-
(y 'x)

Q3. (a) Evaluate the following expression and leave your answer in scientific notation and rounded to 3 significant digits.
2.58.10"

3.145.10"-352.10™

(b) After a55% reduction in price Hannah's new skates cost $108. What was the original price?

1 1 1
Q4. Solveforx (a)Ex+§:3x—Z (b) 2X¢+9x-5=0 (c) X*+4x-9=0

X _ 3.8 _ (x+2) - 64-
(d) m—l (e X_X+2_2 (f) Wx+2) -64=0.

Q5. (a) Find the equation of the line that passes through the points (-1, 2) and (7, 2).
Give the equation of the line in slope-intercept form.
(b) Find the equation of the line that passes through the point (-5, 3) and is perpendicular to the line 5x—2y=7.

Q6. Sketch the graphs given by the following equations.
Indicate clearly the location of any inter ceptswith the axes and of any asymptotesfor the graph.

=2(x-2)*+2 b) y= +4
@ y=-2(x-2) ® y=7 1
Q7. Solve the following pairs of simultaneous equations to find the coordinates of the points of intersection of the corresponding graphs.
X +y*=5 X —2xy+y? =1
@ (b)
Xy=2 Xx+y=1

Q8. Solve the inequalities and, in each case, give the solution set in interval notation.

@ S-Zxs1-2x ®) |4x-3|>9 (0) 3x-8x>3 (d) |¥-5|<4 (¢ 2
4”5 2 = : x+2 >

1
Q9. (8) Given f(X)=2x*-3x+5 and g(x)=m find (fog)® and (gof ).
1
b) Find two functions f and g such that (f N
(b) g (fod)® m

X—2
Q10. Thefunctionsf, g and h are defined by f(x) = m gX)=4+>x% and h(X) :4’ 13-x.
(a) Say whether the function g has an inverse and explain why or why not?
(b) Find theinverse function ™ of .
(c) Find (h o g)(® and give the domain of hog.

(g

Q11. (a) Given f(X)={ x+1 -2 find f *’(x). Sketchthegraphsof fand . What isthe domain of f 2

(b) Given f(x)=>+1, find f " (x). Sketchthegraphsof fand f ",

Q12. Factor completely: (a) 24x*+81x (b) a®-64b°® (c) s°-7s°-8 (d) x3+x*-10x+8
(6 *-x3+8x-8 (f) X*+x*-8x3-8x-9x-9



b5

, leaving your answer with only positive exponents.

5

Q13. Simplify and factor >3 (x—2)~ - x* (x— 2)

X
Q14. Find an alternative expression for — 77— by rationalizing the denominator.
1- «/ 1-x

+ 1 + — +
Q15. Solveforx (a) 52X 5)255 (b) 4% 1)=8(2X Y (c) 7 l)=35 (Give your answer to 3 significant digits.)

(d) 2log, x—10g,(3x-8)=2  (€) log,,(x+5)—log,,3=l0g,,2—log,,x
Q16. Evaluate log, 19 to four decimal places.

B é,%%

QL7. Simplify: (a) —55 ©) 2e T +inE)
e -1

Q18. (a) Given f(x)=In(x- 1), find f (x). Sketchthegraphsof fand f .
(b) Given f) =€ Y+2, find f ™ (x). Sketchthegraphsof fand f’.

Q109. A rectangular field of area 1600 square metres next to ariver isto be subdivided into four congruent rectangular pens as shown in the
diagram. |If the length of each pen isxmetres, express the length of the fencing used in terms of x

river

Q20. If the perimeter of arectangular flag is 34 in. and the length of a diagonal is 13 in., find the length and height of the flag.

Solutions

Note Thesymbol <=> means"isequivalent to" whilethe symbol => means"implies'.
7 g r p _pg’+ar’-p’

QL@-5; O T+o- = o

r'p ar par
1111 ‘Z% QLX%
© z y x y Oyz0 Oxy O y-z y=x (y=2)-(y=X) y-z-y+x x=z
X z X z  xyz xyz Xyz T o xyz  xyz
125a°b? i 25a°b?
@ * é’% "5 %§=5a%§b%%=5aﬁb b =5abyab.
(25ab) 5a b
2,° 18 (12) 12
oy e €D 1 1 X X X on X
Q2 (X( )+y( 1)) 101 Gy+x :x+yy (b) ((_s)y(-z))(—s): y15yX6 =x2 (27)=F.
i o X
Xy Xy
1 1 3+V3E
- - -+
VP40 e ud\A 913+\/3§Qu2v2 E U+V) (U2 —uv+V?)  uZ-uv+\A
@ @71 1 Z-VZE‘HUW He-v T wvu-veey T uve-y
VvV oou? u?\2
2.58.10™ 2.58.10% 2.58.10™ 2.58 »
Q3.3 € BN 9 o~ E 10
3.14.10''-352.10' " 31.4.10 "-352.10 (31.4-352).10 31.4-352
258

e 20 _ 20 _ 18
_27.88'10 ~ 0.09254 .10°~9.25.10".



b) Let the original price bexdollars. Th = 108. H 108.100 _ 108.100 12.20 =240
(b) Let the original price bexdollars. enloox— . Hencex= 5 =T g5 "12.20= .
The original price was $240.
1 1 7
Q4. (a) 373X"7 <>2x+4=36x-3 <=> 7=34x <=> x=;

Note The first step follows on multiplying both sides of the equation by 12, which isthe LCM of the denominators 6, 3 and 4.

1
(b) 2x3+9x-5=0 <=> (2x-1)(x+5)=0 <=> x=7 or x=-5.

—4+/-<J16—(—36 —4+/\/§ —4+/2\/E ‘/_

(€) ¥+4x-9=0 <=> x=

()‘/——1<>x-«/16 =>x2=16-x0<=> 2x%=16 <=> ¥*=8 <=> x= +21/_

Since squaring both sides of an equation may introduce extraneous solutions, the values obtained in the last step should be checked

in the original equation. The only solutionis x= 24/3.
3 _3 (3x+6)-3x 6
( ) 12 =2 <=> —x(x+ 2 =2 <=> X+ 2)_2 <=> 6=2X(X+2) <=> 3=x(X+2)

<=> 3=x*+2x <=> 0=x*+2x-3 <=> (x-1)(x+3)=0 <=> x=1 or x=-3,
3 3
(f) x+2) -64=0 <=> (f) (¢/:<+2) =64 <=> «/;+2:4 <=> &:2 <=> x=4.

Q5. (a) Theline that passes through the points (-1, 2) and (7, —2) has Slope
Yo% 2-2 -4 1

x-x 7-(1) 8 2
Its equation can be found by using the point-slope form for the equation of aline:
Y= Y% =M(X=5) - OF

1
with m:E and (x,, y,) taken to be the point (-1, 2).

Thisgives:
oL Y ,o L1 i1 1.3
y=2==7 (x= (D) <=> y=2=-5 (x+ 1) <=> y-2= -0 X=5 <=> y=-TX-+2 <> y=-ox+
5 7 5
(b) Theequation 5x-2y=7 can bewritten in theform y="7" x—E Hence thisline has slope m—2
1 2
The slope of aperpendicular lineis —E = —g. The perpendicular line passing through (-5, 3) has equation:

2 2
y-3=- _(x+5)<>y 3=- x 2 <=> y=- 5x+1.

Q6. (a) The graph given by the equation y=-2 (x— 2)* + 2 is obtained by shlfting the graph of y=-2x% adistance of 2 unitsto the
right and 2 unitsup. Thexintercepts are where x=1and x=3. Theyintercept iswhere y=-6.

1
+ 4 isobtained by shifting the graph of y="—" adistance of 1 unitsto the left and

(b) The graph given by the equation y= 2

1
(x+1)?
4 unitsup. There are no xintercepts. Theyintercept iswhere y=5.
Theliney=4isahorizontal asymptote and the linex=-1is avertical asymptote.
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Q7. (@

X+ Y =5 e (i)
XYy=2 ------- (i)
Solving (ii) for ygives
Y= - (iii)

Substituting for yfrom (iii) in (i) gives:

4
x2+;=5 <=> x*+4=5x% <=> x*-5x%+4=0 <=> (¢-4)(¥-1)=0 <=> x= +2 or x= +1.

Thereare 4 solutions: (x=1andy=2), x=-1andy=-2), (x=2andy=1), (x=-2andy=-1).
The graphs meet at the points (1, 2), (-1, -2), (2, 1) and (-2, -1).

(b)

Xty=1 ------- (i)

Solving (ii) for ygives
y=1-X --—--—--- (iii)
X =2xy+y?=1 <=> (x-y)?=1 <=> x-y= +1 <=> y=x+1.
The last equation together with (iii) gives:

1-x=x+1<=>1+1=2x <=>x=0o0r x=1
One solutionis x=0and y=1, and another solutionis x=1,y=0. Thetwo graphs meet at the points (0, 1) and (1, 0)

Note The graph of (i) isthe pair of straight lines y=x+1and y=x- 1
3 2 1 5 _ :
Q8. (a) Z_EX>1_EX <=> 15-8x>20-10x <=> 2x>5 <=> X>E' The solution setis. E,
3
(b) | 4x=3|>9 <=> 4x-3<-9 or 4x-3>9 <=> 4x< 6 or 4x>12 <=> X< - O X>3,

3
The solution set is: (—oo,—z] 0 [3 ).

(¢) 3x%-8x>3 <=> 3x*-8x-3>0 <=> (3x+1)(x-3)>0.

Bx+1) ——=——-——-— O+ ++++++++++++ + +
x-3) —~——————=——=———— — — 0O+++ + + +
-173 3

Bx+1)x-3) ++++++0-" """~~~

0 ++++++

~1/3 3

1
Thelast sign chart showsthat (3x+ 1) (x— 3) > 0 exactly when x< _E or x>3.

1
The solution set of the inequality 3x2 — 8x> 3is E—m —EED (3, ).



(d[x¥-5]<4 <=> 4<x¥-5<4 <=> 1<% <9,
Whenx>0, 1<x* <9 isequivalentto 1sx <3, Whenx<0, 1<x* <9 isequivalentto 3<sx<-1
The solution setis: [-3,-1] O [1, 3].
2x-1 2x-1 2x-1-2(x+2) 5 1

>2 <=> -220 <=7 - —20<=>"T"">20<="7"2>20<=>x+2>20 <=> x>-2
S X+ 2 X+ 2 X+ 2 X+ 2 X X

The solution setis; [ 2 o).
3X+ 3x+1
®)

1 1
<2 <=> 2< <2 <=> —2<3+; <2 <=> —5<; < -1

1
The last (double) inequality impliesthat xis negative. In general, if aand b are both positive or both negative,a<b <=> ; >

ol

1 1 1
Hence—5<; <1 <=>-1<X <—E. The solution setis: %»1, —g%

1
Q9. (a) Given f(x)=2x%-3x+5 and g(x):; then

__1_g1§_g1 2 3
uoww-«wm—@;zé—za_4 3%—4%5'w—®2 a5

1
(2% - 3x+5) 4 2x%-3x+1

(gof)(® =g(f(x)) = g(2X* - 3x+5) =

(b) If h(x)= ‘/— let g(x)=x+3x and f(x)= ‘/— Then (gof ) =h(x).
Q10. Given f(x)— - 1 g(X)=4+>% and h(x)=4 13- x.
(a) Thefunctiong does not have an inverse becauseit is not one-to-one. For example, g associates the two distinct xvalues x= -2
andx=2withthevalue y=8. (Thegraph of g failsthe horizontal line test.)
b _ X—= 2 y+ 2
()y_X+ => Xy+y=Xx—2 => y+2=x-Xxy => y+2=x(1- y)_>x—l y

+2
Hence f (y)— ysothatf (x)—

(© (hog)(><)=h(g(><))=h(4+><2) =*/13-(4+X) =‘/9—X2-
The domain of hogis { x |9-x*=0}. Now9-x*>0 <=> x¥*<9 <=>-3<x<3,
Hence the domain of hogistheinterval [-3, 3].

QLL (8 Given f(x)=yx+1-2 wewishtofind f (%),
y=fx+1-2 <=> y+2=¢x+1 <=> (y+2)2=x+1 <=> x=(y+2)>-

Hence

f )= (y+272-1

so that

f %)= (x+2)2 =1 —meee )

y.
6,

41/ 9




In the previous picture g = f &



Thedomainof f " isthe same astherange of f. Hencethedomain of f “is [ =2 w).
Note Theformula, (i) should really be qualified with the condition that x> -2. Thus the complete formulafor f & is:
fP=x+2)?-1 x>-2

(b) Given f(x)=>°+ 1, wewish to find f ™ (%)
y=xX+1<=> y-1=x <=> x= s*ly—l

1Py =s{y-1,
BRIC BT [ pp— ().

Hence

S0 that

. . 1
In the previous pictureg = f ®

Q12. (a) 24x*+81x=3x(8x%+27) = 3x(2x+3) (4X* - 6x+9)
(b) a6—64b6:(a3)2—(8b3)2 =(a®-8b% (a®+8b% =(a-2b)(a®+2ab+4b%) (a+2b)(@*-2ab+4b?)
(€) *-75°-8=(s*-8)(s*+1) =(s—-2)(s*+ 25+ 4)(s+ 1) (s~ s+1)
(d) Let P(x)=>x3+x*— 10 x+ 8. Then P(1) = 0, s0, by the Factor Theorem, x— 1is afactor of P(x).
X2 +2x-8

x=1]x+x*-10x+8
X=X

2x% - 10X
2x2-2x

-8x+8
-8x+8

0
P(X)= (x— 1) (6¢ + 2x— 8) = (x— 1) (x+ 4) (x— 2)
(& ¥* = +8x-8=x(x=1)+8(x—1) = (¢ +8) (x— 1) = (x+2) (¢ - 2x+4) (x— 1)
() ®+x* -8 -8x2 - 9x—9=x*(x+1)- 8% (x+ 1) - 9 (x+ 1) = (x* - 8x% - 9) (x+ 1)
=(¢-9)0C+1)(x+1) = (x=3) (x+3) 0+ 1) (x+ 1)

3 X3 ((x—2)° - X3 (5 - -
Q13. 3 (x- 2)§§—x4(x— 2)§3§:x3§x— 2)%5— a %§§= (i 2%@ X _ XX 4’%:%‘ X
(x=2) (x=2) (x=2)
X (C-5x+4) X (x=1)(x=4)
b Be

(x-2) (x-2)



u X _ X 1+11 X x(1+y1-x%) x(1+«/1 x2) 1+\/1 X
A T 1i% 112 1-a-¥) %

1 .
O — =55P9=5 o5 24523 <=> 2x=-8 <=> x=4

Q15.(a) 5 pp

BEx+1) _ @x-1) L0x+2) 6x-3)

- 1
(0) 4% V=877 <=> 27 V=29 7Y <=5 2" P22%7Y <=5 10x+226x-3 <=> 4x=5 <=> x=——

log,, 35

=35 <=> log, (7" )= l0g, 35 <=> (x+1)log,(7)=log,, 35 <=> x+1= —
0

(C) 7()<+ 1)

log,, 35 ) log,,5+log,, 7 L - log,,5 0.6990 .
T log,7 T log,7 log,, 7~ 0.8451

X2

X2
(d) 2log,x—log,(3x-8)=2 => log,(x*) - log,(3x-8)=2 => |092%%2 <=> 3x—8:4 <=> x*=12x-32
<=>x®-12x+32=0 <=> (x—4)(x—8)=0 <=> x=4 or x=8
x=4 and x=8are both solutions. Both of these values check in the original equation.

+5 x+5 2 ,
e) log,,(x+5)-log,,3=log,,2-log,,x <=> lo| o => = <52 XT+O0X=b <=> X +5X-6=
(&) log,,(x+5)-log,,3=log,, 2~ log,, log,o 5 B 109k 3 " X +5x=6 5x-6=0

<=> (x+6)(x—1)=0 <=> x=-6 or x=1 Sincelog,,(-6) does not exist, the only solutionis x=1.
This value checks in the original equation.

log,, 19 1278754

Q16. |09219 |09102 ,03010300,42479

8%

e _l_(é(_l)( +é(+1) e +eX+1 Q)O_ 2 (3)0_ 3
Q17. (a3 P @-DErn) e+l Notee "=(¢) and e =(€).

(b)xzeél%%+In(eex))=x2elr%;g§+ln(eex))=x2e|r%§+ln(e = +2x x+2x =3x where x> 0.

Q18. (a) Given f(x)=In(x- 1), wewish to find f " ().
y=In(x-1) <=> x-1=¢' <=> x=¢€'+1

Hence
fPy=e+1
so that
€,
P 9=e+1, ()
y,
4
3,
g




In the previous pictureg = f &



(b) Given fx)=¢e "~ "+ 2 wewishtofind f ™ (x).

(x+ 1)

y=e V12 <> yo2=6™Y

<=>In(y-2)=x+1 <=> x=1-In(y-2)
Hence

1
£ P (y)=1-In(y-2)
so that

f 1) (X): 1- |n(X_ 2), _______ (I)

In the previous picture g = f .

_ D o D) - - ifti =e? i i

Note f(x)=e +2=¢e + 2, so the graph of f is obtained by shifting the graph of y=e€ ~ one unit to theright
and 2 unitsup. Theyintercept is e+2~4.72.

1600

Q19. Let the height of each of the four pens beymetres. Since the area of each penis =400 sguare metres, we havexy= 400, so

2400

400 0
that y= T Then the length of fencing needed is 4x+6y=4x+6 %E: 4x+ metres.
Q20. Let thelength and height of the flag bexin. andyin. respectively.

X in

yin T yin

X in

Since the length of adiagonal is 13 in., Pythagoras' Theorem gives

X+ Y =169 ------- ().
Since the perimeter is34 in., 2x+2y=34, sothat, x+y=17.
Thisgives

Using equation (ii) to substitute foryin (i) gives:
X+ (17-X)%=169 <=> x>+ 289-34x+x* =169 <=> 2x*-34x+120=0 <=>x* - 17x+60=0
<=> (Xx—-5)(x—-12)=0 <=> x=5 or x=12.

Ans length =12 in, height = 5in. (assuming that the length is greater than the height).



