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Abstract

This thesis is a survey of the derivation and implementation of the Riemann-Siegel
formula for computing values of Riemann’s zeta function on the line s = 1/2 + it.
The formula, devised by Riemann and later published by Siegel following study of
Riemann’s unpublished work, is the method of choice for both numerically verifying
the Riemann Hypothesis and locating zeros on the critical line at large values of t.

Simply stated, the Riemann Hypothesis is that all of the zeros of ((s) in the strip
0 < R(s) < 1 lie on the line R(s) = 1/2. Since Riemann made his conjecture in
1859, much work has been done towards developing efficient numerical techniques for
verifying the hypothesis and possibly finding counter-examples.

This thesis is meant to serve as a guide book for using Riemann-Siegel. It is mostly a
distillation of work done in the field since Siegel’s results published in the early 1930’s.
Computer programs and examples are included, and error bounds are discussed. The
question of how and why Riemann-Siegel is used to verify the Riemann Hypothesis
is examined, and a detailed Riemann Hypothesis verification example is illustrated.
Finally, recent work in the field is noted.

The derivation of the Riemann-Siegel formula for computing ((1/2 + it) is based on
the saddle point method of evaluating integrals, and yields results of considerable
accuracy in time t'/2. The saddle point method is an approximation technique which
concentrates the “bulk” of an integral on a path through a point at which the modulus
of the integrand is a maximum.
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Chapter 1

Introduction

In 1859, the German mathematician Bernhard Riemann published his now famous
paper on his studies of prime numbers. This eight page paper, entitled On the Number
of Primes Less Than a Given Magnitude, introduced many new results in the fields of
analytic number theory and complex functions, but contained a number of statements
which were unsupported by rigorous proofs. Proofs for many of these conjectures
were found over the fifty or so years following Riemann’s death in 1866; however one
statement has withstood repeated assaults by several generations of mathematicians.
This conjecture, known universally as the Riemann Hypothesis, is now among the

most famous unsolved problems in mathematics.

The Riemann Hypothesis is a statement about the location of the complex zeros of
the zeta function. Riemann introduced the zeta function ((s) for s € C during the
course of his investigations of prime numbers and he explored many of its properties.
In his paper he made the statement that “it is very likely that” all non-trivial zeros
of the zeta function must have real part equal to 1/2, but no proof was provided.
An excellent survey of Riemann’s results and work done in the field since Riemann’s

paper is Harold Edwards’ treatise Riemann’s Zeta Function[l].

The zeta function and related hypothesis are classical fields of study which in recent

years have enjoyed renewed interest. Conjectured relationships between the hypoth-
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esis and results in mathematical physics have motivated extensive numerical investi-
gations using modern supercomputers. Van de Lune et al. have demonstrated the
correctness of the Riemann Hypothesis for the first one and a half billion non-trivial
zeros of the zeta function[2], while Andrew Odlyzko has verified the correctness of

the hypothesis for large sets of zeros around the 10?°th zero[5].

The modern studies of the Riemann Hypothesis use variants of a computational algo-
rithm known as the Riemann-Siegel formula. This approximation algorithm permits
very fast evaluation of the zeta function, and the accuracy of the approximations
of ((1/2 +it) improves with increasing t. However, eventually the machine floating
point representation error imposed by the particular computer architecture limits the
validity of the calculations. This accuracy problem can be overcome using extended
precision calculation software, but the loss in computation speed makes calculations at
complex numbers of even moderately large modulus infeasible. Despite these limita-
tions, the Riemann-Siegel formula is still a vast improvement over methods previously

available.

The Riemann-Siegel formula is a remarkable approximation derived and used by Rie-
mann, but never published by him. It was not until 1932 that Carl Siegel uncovered
the formula following a study of Riemann’s unpublished notes. Prior to Siegel’s dis-
covery, the method of choice was Euler-Maclaurin summation which requires on the
order of ¢ steps to evaluate ((1/2 + it) (here ¢t € R). The Riemann-Siegel formula, on

the other hand, requires only v/¢ steps.

The purpose of this thesis is to examine the Riemann-Siegel formula and understand
how it is used to verify the correctness of the Riemann Hypothesis. It is meant to serve
as a user’s manual, providing the details of the method’s derivation and limitations,

as well as examples and computer programs for its implementation.
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The next chapter begins with an overview of the Riemann zeta function. In that
chapter we mention some familiar properties of the function and derive a global
representation of it as done by Riemann himself. Some additional results which will
be required in subsequent chapters are then noted. The third chapter contains the
development of the Riemann-Siegel formula. An example of its implementation is
presented followed by a discussion of errors inherent in the method. The fourth
chapter examines the Riemann Hypothesis verification process. Major contributions
by J. Gram and A. Turing are presented, and a curious behaviour of {(1/2 + it) at
large values of t is noted. In chapter five we put into practice the concepts developed in
the first four chapters and undertake a detailed verification of the Riemann Hypothesis
for ¢ in the range 0 to 6 000 000. The sixth and final chapter contains concluding

remarks and some suggestions for future investigations.



Chapter 2

Overview of the Riemann Zeta
Function

2.1 Introduction

The point of this paper is to examine a particular method of evaluating the Riemann
zeta function. This method, the Riemann-Siegel formula, is the method of choice for
verifying the Riemann Hypothesis. In this chapter I begin by introducing the zeta
function and discussing some of its familiar properties. Following this we will develop
the global representation of the zeta function ((s) as Riemann originally derived it,
and at the end of the chapter we will derive a decomposition of the zeta function

which will be needed in the development of the Riemann-Siegel formula.

2.2 The Function ((s)

For s € C with R(s) > 1, the function ((s) is defined by
— 1
(=3

ns
n=1

This sum converges for R(s) > 1 and diverges otherwise. For each § > 0, convergence

is uniform for R(s) > 1+ 6.

Some well known values of this function are ((2) = 72/6, ((4) = 7*/90. In general,

for n a non-negative integer, ¢(2n) = (27)*" (=1)"" By,/ ((2n)!2) where B, are the

4



Chapter 2. Overview of the Riemann Zeta Function

Bernoulli numbers defined by the expansion z/ (e* —1) = > °° B,2"/n!. There is

no known closed form expression for {(2n + 1).

The ¢ function so defined is related to the study of prime numbers by

0 1 -

> —=110-r7)

n=1 p
where p ranges over the prime numbers and R(s) > 1. This identity can be shown by
writing (1 —p~*)"" = 32°° (1/p®)" for each p and expanding the product of these

series.

2.3 Global Representation of {(s)

The definition of the ¢ function given in Section 2.2 is valid only for R(s) > 1. The

following definition extends ¢ to all points s € C\ {1}:

C(S):M/C G (2.1)

2mi (e — 1)z

where C. s is the contour
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Here the definition of (—x)® is €18 (=%) with —7 < S(log (—x)) < 7.

The size of § above may be as small as we please — the equivalence of (2.1) under
different choices of ¢ is guaranteed by Cauchy’s Theorem and the dominance away
from the origin of the exponential term of the integrand. Further, Cauchy’s Theorem
also permits ¢, the size of the radius of the path about the origin, to be any value
between 0 and the radius at which the first singularity of the integrand occurs, 2.

These permitted variations in the contour C 5 will be used in the derivation to follow.

A standard definition of the global representation of the zeta function is one which
uses the limiting contour as 6 — 0 with ¢ = 1, which is expressed thus:
+o0 s
C(s):%ﬁm ﬁdw.

The limits of integration are meant to indicate a path which starts at 4+o00, descends
parallel and just above the real-axis, circles the origin once in the positive direction,
and returns to +oo parallel and just below the real-axis. Note that this path must
not be considered to coincide with the positive real axis since log(—z) is not defined
for v € R.. We will express this version of the definition more concretely as

C(s) = H(_S)/C ((_75”)8@ e N G )

27i e*—1)x 2mi 6—0 Jo, , (¥ — 1)z

We will devote the remainder of this section to the derivation of (2.1). To begin, we

consider the integral definition of the factorial function with argument s € R, s > 1:
[I(s—1) = / e "5 du, s>1. (2.3)
0

Here TI(s — 1) is used in place of the more familiar I'(s). This notation of Gauss for
the extended factorial function was used by Riemann and is retained by Edwards|[1]

in his work, and we will do the same here. Note that II(n) coincides with n! for n a
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positive integer. Now fix an integer K > 0 and set # = nt in the integral (2.3), so

that
(s —1) = / e ™ (nt)* ' ndt .
0

From this we may develop

M(s—1)n"° = / e s dt
0

K K [
=Y n -y = 3 [ et
n=1 n=1"0
K ~ [ K
=1II(s —1) Z n® = / <Z e_”t> t5=tdt
n=1 0 n=1

- —s (11— eiKt s—1
n=1

Observe that for each ¢t > 0, the integrand in (2.4) is a positive function increasing
with K to the L'(dt) function #*7'/ (e’ —1). Thus we may apply the Monotone

Convergence Theorem to yield

K e’} 1 o efKt
lim II(s — 1) Z n~® = lim (til) 51 dt
n=1 0 e -

K—oo K—oo

That is,

0 oo ys—1
II(s —1 = dt . 2.5
c-n3n= [ (2.5)
We now turn our attention to the integral in (2.1):

(o,
/C e (2.6)

7
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where C, s was

Again, for the moment assume only that s € R, s > 1. As noted following definition
(2.1), the paths C. s may be altered to suit our purpose—equality of the integrals over
the different paths is guaranteed by Cauchy’s Theorem. We will consider the set of
contours C 5. where () = ¢/v/2:

Iy (e)

/
|

Iy

/4
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Since the value of the integral is invariant under decreasing €, (2.6) is equal to

lir% % dx .

TUIC 50 (e* =1z

To evaluate this last expression, fix an e sufficiently small and consider the integral
over each of the paths T'i(¢), I'y(€) and T's(e). Writing x = ¢ + ie, the integral over

I'1(€) may be written

/0 (=i (2.7)

oo (€T — 1) (t + i)
where [, is the indicator function of the set [e/ V2, oo). Now

I (—t —ie)®
im 4 ]
—0 | (ettie — 1) (t + i)

exists for each t, and

(~t—i)® | _ (E+ AT ot
(ettie — 1) (t +ie) © et —1 - et =1

where

oo ps—l =1
2° dt = 2°l(s—1 — < .
/0 el —1 (s ); ns >

The Dominated Convergence Theorem then allows us to conclude that the limit as

e — 0 of (2.7) exists. Indeed,

| 0 e5log (—t—1ie) I | 0 eslog (t+ie)—im Iy
im - € t = im - . € t
e—0 +oo (et'HE — ]_) (t + ZG) e—0 +o0 (et'HE — ]_) (t + ZE)
) +oo es log (t+ie)
= —e "™ lim I dt

e—0 /g (€t+i€ — 1) (t + ZE)

A similar argument can be used to show that as € — 0, the integral over I's(¢) becomes

) +0c0 ts—l
/ dt |
o (er—1)
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For the integral over T'y(¢), write x = —ee? | dz = —eie??df. Then
PRY: 3m/4 — (eet? s ciet?
/ (=) de = / S ) —df
Toe) (ex - ]‘) r —3r/4 (6766 - 1) (_661 )

3r/4 i0s
_ z/ e
“3n/a Yo (—ee?) /5!

3m/4 g (s—1)
= i681/ = T de ,
—3n/a Yo (—ee?) ™ /5]

and this last expression approaches zero as € — 0.

Combining the integrals over the three paths then yields

_ ¢ ] ] +oo s—1
lim & dr = (e”s — 6_”8) / t dt
(e* =1 o (et —=1)

=0 Ce,é(e)

1
= 2isin(ms)Il(s —1) » — .
n=1 n
Taking note of the factorial function identity
T in(rs)
= sin(7s
() m=s)
we may replace sin(7s) in (2.8) to obtain
, (—z)° 2ims 1
lim g = 2T -1y —
—0 ), 4 (€= 1) II(s) II(—s) = n’

from which

s | - T
hm/cﬁé(e)(idx = = ((s) .

211 =0 et —1)x ns

(2.8)

(2.9)

(2.10)

For the purposes of our derivation, we considered the limit of the integral in (2.10) as

e — 0. However, as observed earlier in this section, this limit is equal to the integral

10
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over any of the equivalent paths C. 5. Following the convention introduced in equation

(2.2), let

Uy

2mi (er — 1)z

denote the limit expression in (2.10). Then the statement of equivalence over different

Wes) [ (o) s [ ()
27i /Oo,o (e* — 1)z do = 27i /(,1,5 (e* — 1)z 6,

and (2.10) may be expressed more generally as

II(—s) (=2)° N
/ce,é( d ¢(s) - (2.11)

2mi et —1)x ns

contours is

At this point we may make two observations:

1. The TI(—s) factor in (2.11) has singularities when s is a positive integer. The
right hand side of (2.11), on the other hand, is defined at all such points except
for s = 1. Thus the the integral expression in (2.11) must have zeros at the
positive integers greater than 1. Indeed, this fact follows immediately from

(2.8).

2. Although we have derived (2.11) under the assumption that s € R, s > 1, for

each €d path the integral in (2.11) converges for all s € C. In fact, the function

(=2)°
/C (o = 1) )<y 4
€,8

is an analytic function of s, and the convergence as N — oo to

is uniform. As such, the left hand side of (2.11) is defined and analytic at all
points s € C\ 1. At s = 1 we note that II(—s) has a simple pole. Hence (2.11)

with s € C\ 1 is our required global definition of the zeta function.

11
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2.4 Properties of the Zeta Function

Riemann used his global definition of the zeta function to derive many interesting re-
lations. Two of these which are relevant to the verification of the Riemann Hypothesis

are the functional equation of the zeta function and the function &(s).
The functional equation of the zeta function is
C(s) =TI(—s) (2m)° " 2sin(s7/2) ¢(1 — s) ,

which Riemann derives by considering the evaluation of (2.10) at negative real values
of s. Using this equation one can immediately demonstrate that ((—2k) = 0 for

k=1,2,...
Applying (2.9) and another familiar factorial identity
—1
II(s) = 28H<5> o [ Ve (2.12)
2 2
to the functional equation puts it in the form

H(% - 1) T2 (s) = H(l S ° 1) 7= 1=9/2¢(1 — 5) .

Observe that this equation remains unchanged under the transformation s +— 1 — s.
The function &(s) is defined by

£(s) = H(g) (s — 1) 7 %2%¢(s) .

The s — 1 term in the ¢ function definition eliminates the simple pole of ( at s =1
so that £(s) is an entire function. From the functional equation of the zeta function

we have that £(s) = £(1 — s).

One important fact about £(s) is that it is real when s lies on the line 1/2+4it, t € R,

(this set of points is called the critical line). This fact can be deduced as follows:

12
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For s € R, &£(s) € R By the Schwartz reflection principle, £(3) = £(s), so that

£(5) = &(s). With s = 1/241it, t real, and using the functional equation we may then

write

E(1/2+it) = (1 — (1/2+it)) = 5(1/2 n z’t) —e(1/2+1it) . (2.13)

So locating roots on the critical line reduces to locating sign changes of £(1/2 + it).

Further analysis of £(1/2 + it) simplifies our task even further:

&) =11(3) (s =17 /%(s) =15 —1) @wﬂas) ,

and substituting s = 1/2 + it yields

f@ +it) _ (e%[wgn(“zm—w#) . (em[lognwznﬁ—uﬂg(% ﬂ-t)) .

The point to notice is that the first term above is always negative, so that sign changes
in £(1/2+it) correspond to sign changes of the second term. This second term is

denoted Z(t), and the relationship between Z(¢) and ((1/2 + it) is written
oy (L
Z(t) =e™¢ 3 + it

where

The Riemann-Siegel formula is an approximation formula for Z(t). Once Z(t) is

known, a straightforward approximation of ¥(¢) can then be used to easily compute

C(1/2 +it).

13



Chapter 3

Derivation of the Riemann-Siegel
Formula

3.1 Introduction

Now that we have motivated our discussion by introducing the Riemann zeta function
and stating the Riemann Hypothesis, let us develop a method for evaluation of the ¢

function.

Prior to Carl Siegel’s 1932 rediscovery of Riemann’s method, the most widely used
algorithm for evaluating the ( function was Fuler-Maclaurin summation. FEuler-
Maclaurin summation is essentially an approximation method for summing a series
(finite or infinite) by splitting off a certain finite part and estimating the remainder.
This method can be used to evaluate not only the ¢ function, but many other func-
tions that satisfy certain regularity conditions. Further, Euler Maclaurin Summation
can be used to compute the values of the ¢ function at all points of C\ {1} to any pre-
scribed degree of accuracy. For evaluating ((1/2 + it), Euler Maclaurin Summation

requires on the order of |t| steps for a single evaluation.

The Riemann-Siegel formula, on the other hand, is a very specialized method for
evaluating the ¢ function on the critical line. Riemann-Siegel is actually a formula for

computing Z(t) from which ((1/2 + it) can easily be computed (see Section 2.4). The

14



Chapter 3. Derivation of the Riemann-Siegel Formula

algorithm has been extended to accommodate points not on the critical line. How-
ever Riemann’s derivation was concerned only with the more restricted set. Riemann-
Siegel is a true approximation in the sense that certain contour integrals are truncated
to permit their closed form evaluation, and as a result, small errors are introduced
which are unrelated to the truncation of an asymptotic series. These error terms
decrease very rapidly as |1/2 + it| increases, and therefore do not cause a serious
problem. The strength of Riemann-Siegel is the speed. The evaluation of ((1/2 + it)
requires only order y/|t| steps, which allows for very efficient root counting algo-
rithms. For the purposes of verifying the Riemann Hypothesis, this is of particular
importance—we will see that it is not the precise location of a root which is important,

but rather its existence.

In the sections that follow, the main formula is presented, followed by an overview of
the derivation broken down into its key steps. An example and a discussion of errors

is presented in the last two sections.

3.2 The Formula

The Riemann-Siegel formula for computing ((1/2+it), t € R, is the following
(from [1]):

Set N = {(t/Qﬁ)l/QJ (the integer part of (t/27)"?), p = (t/2x)"* = N. Then

N
Z(t)=2Y n?cos[i(t) — tlogn] + R
n=1
where
() =< [logﬂ(g — Z)} — %logﬂ

A E £\ 22 £\ 32 £\ 42
Co+ Ch (g) + CYy (%) + C4 (%) + Oy (g)

15

and

o\ 14
R~ (-1)V! (ﬂ)
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with
cos 2 (p* — p — 1/16)]
C p— W p—
0 (p) CoS (27Tp) )
o=~ )
! 9672 ’
Gy = — WO+ ——y(p)
18 43274 6472 ’
1 1 1
oo = O (%) )
3 53084160 P " 3gaom Y W)~ eV
1 11 19 1
C, = p(12) P (®) 4 ] )
g Y ETRZVr = R Ty yre kA Ol yy= o LA R prm Al )

As noted previously, I1(x) is equal to I'(x 4+ 1). Also, ¥(t) can be approximated using

Stirling’s series:

t t 1 7
v(t) = 10g2__5_§+4—8t+5760t3+ N (3.1)

which, for large ¢, has a small error even if truncated at only a few terms.

The derivation to follow will show how to compute as many of the C; [t/ (27)] /2

terms as desired; Riemann himself developed the formula with 5.

Once Z(t) and 9(t) are known, ((1/2 + it) is computed as

¢ (% - it) = Z(t)e ™V

16



Chapter 3. Derivation of the Riemann-Siegel Formula

3.3 Derivation of Z(t)

We begin with the global form of {(s) derived in Section 2.3:

_ (=) (=z)°
C(S) - /0575 (€x—1)$dx

271

where C s is the contour

and 0 < € < 2.

For the time being, let us return to the case where s € R, s > 1, and suppose that N
is a fixed positive integer. Using the same techniques as those of Section 2.3, we may

write

_ 1I(=s) (—)°
(s) = 2mi /Ce,s (ex—l)xdx

Us) [ (o)
2mi /Co,o (er — 1)z da

17



Chapter 3. Derivation of the Riemann-Siegel Formula

_ (=) e ) () Hes) [N ()t
- 2mi /Co,o (Zl ) x de+ 2mi /Oo,o (e*—1)x d

n=

N
1 TI(- ~No (_g)?
:Z—s+(~s)/ex(x)dx
—n 21 Joy, (e*—1)z

N
1 TI(— “Ne (_g)
B SRRy T
—n 2mi Je, (er— 1)z

Once again, the equalities above under transformed contours is justified by Cauchy’s

Theorem.

Next, expand the contour C.s beyond the first 2N singularities of the integrand
to Can+1yr,s, and to maintain equality, add integrals around each singularity over

paths with reverse orientation. That is, transform the contour of integration to the

following;:

18



Chapter 3. Derivation of the Riemann-Siegel Formula

where each of the small circular paths have radius 0 < p < w. For convenience, denote

Cn+1)rs by Cns.

The residue theorem can then be used to compute the integrals about the singularities
+27i, +4mi, ..., £2Nmi. For the singularities above the real axis, letting § denote

reverse orientation of the path we may write

. —Nzx (_ .\$ . —Nz (_ .\$
il S) 7{ S et (=2) dr = —H( S) 2mi Res{i6 (=) ]
216 Jju—2jmii=p (e — 1)z 271 (e — 1)z (2=2jmi)

= TI(—s) (27r)871 jeTims/2 571

Similarly, for the singularities below the real axis,

o —Nz (_ .\$ _ —Nx (__.\8
il S) 7{ S et (=2) der = —H( fS)QM' Reslie (=2) }
2mi |z+2jmi|=p (ex - 1) x 2mi (eac - 1) z (z=—2jmi)

= —T(—s) (2m) tie

Pairing the integrals over conjugate singularities and summing the result yields

H(—S)i(QW)S_l( —ins/2 z7rs/2 Zj (1-s) _ ( )(271_)5 1281H< )Z] (1-s) :

so that

N
s=1q . (TS —(1-s)
+ TI(—s)(2m)" " 2 sm(;) 321 n

4 Hé;j) /C y e;e_(z)x; de . (3.2)

As with our derivation of the global representation of the zeta function, we have

arrived at this result under the restrictive assumption that s € R, s > 1. However,
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Chapter 3. Derivation of the Riemann-Siegel Formula

again in this case, the right hand side of (3.2) is defined and analytic at all complex
numbers except possibly the positive integers. By defining the value of the right hand
side of (3.2) at a positive integer to be the limit of its values nearby, it is possible
to show that (3.2) is defined for all s except s = 1 where it has a simple pole. Thus

(3.2) is another (global) representation of (2.11).

Now multiply both sides of (3.2) by s (s — 1) II(s/2 — 1) 7=*/2/2 and apply the iden-
tities (2.9) and (2.12) to obtain

£(s) = (5—1)11(%) wsﬂins

N
1—-s5
_ —(1-s)/2 ~(1—s)
+ ( s)ll( 5 )7‘(‘ n§:1n

() xR e (e
(2m)* " 2sin(7s/2) 2mi /CN,a (e —1)x dx . (3.3)

From this point on, we will restrict s to the critical line. Further, as a result of (2.13),
we need only consider those points 1/24it on the critical line with positive imaginary
part. Set s = 1/2+itin (3.3), and let f(t) = (—=1/2 4+ it) T1(1/2 (=1/2 + it)) 7~ (1/2+1)/2,
Then (3.3) may be written

1 al A
§<§+it> = f(t)) n 00

n=1

N
+ f(=t) Z n—(1/2-it)
n=1

—f(=t) o~ Ne (gLt
+ Vi o (2 (1 Lo 1 dr . (3.4)
(27) 2sin(2 (3 +1t)) i Jex,s
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Chapter 3. Derivation of the Riemann-Siegel Formula

Defining r(t) = f(t) e~ we have

5(% +it) —r(t) Z(t) |

and it is not difficult to show that r(¢) is an even function. Further, from the definition
of ¥(t) we can deduce that this last function is odd. Inserting this new information
into (3.4) and canceling like factors then yields

N

Z(t) _ ez’19(t) Z n7(1/2+it)
n=1
N
+ e—z‘ﬂ(t) Z n—(1/2—it)
n=1
. e i(t) / e~ Ne (—3:)_1/2+it i (3 5)
2m) 2 25in (T (L 4-it)) i Jen,s e’ —1

Finally, convert the sine function in (3.5) to its complex exponential form, and com-

bine the two sum terms to get

N
Z(t) = 3 n ' [N 4 e O]

n=1

efiﬁ(t)eftﬂ/Q e~ Nz (_I)71/2+it p
* 124t _imja (1 _ ;o—tn r—1 *
(2m) e (1 —de=t) Jey,s e
N
= 2 Z n~12 cos [9(t) — tlogn]
n=1
efiﬁ(t)eftﬂ/Q e~ Nz (_I)71/2+it p
* L/24it _imja (1 _ ;o—tn r—1 *
(2m) e (1 —de=t) Jey,s e
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Chapter 3. Derivation of the Riemann-Siegel Formula

This then is the starting point for our approximation. The Sy term above is readily
computable, we merely have to choose a value for N. The Ry term, on the other
hand, must be approximated, and this will be the focus of the following sections. In
the process of approximating Ry, we will see that N is determined for us by the
approximation method, and it turns out to be a value which greatly reduces the

computation time for Sy.

3.4 Saddle Point Argument

At this point, let us suppose we are given a t > 0 for which to compute Z(t). Then set

N = {(t/Qﬁ)lﬂj, a =1i(2mt)"?, and deform Cn,s into the path L = LyUL; ULy U L3 :

Lo

Ly

Cn,s

—(2N+1)im

T
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Chapter 3. Derivation of the Riemann-Siegel Formula

The length of L; above is |a|. Then
efiﬁ(t)eftﬂ/Z / efo (_x)71/2+it
L

(27)1/2“% e=im/4 (1 — je~tm) et —1

The motivation here is that the absolute value of the numerator of the integrand
in (3.7) has a saddle point at = (—1/2+it) /N =~ a, and the path through = =
(—1/2 +it) /N parallel to L, is the line of steepest descent through the saddle point.
In other words the integral along L; approximates the integral through the saddle
point along the line of steepest descent, and hence “concentrates” the integral along

Ly near a.

For example, consider ¢ = 100. Then N = 4 and a = iv/2007 ~ 25i. To see that a
is near a saddle point of [e=Ne (—z)Y/*| = RI(-1/2+iD)log—2)=Nal it suffices to show
that a is near a saddle point of the exponent R [(—1/2 + it) log(—x) — Nz]. Plotting
this last function over the region {z| — 13 < R(x) < 13,12 < ¥(x) < 38} containing

a shows that this is indeed the case:
R[(—1/2+it) log —z)—Nx]

180

160

140 -
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Chapter 3. Derivation of the Riemann-Siegel Formula

Once again, equality of (3.6) and (3.7) under deformation of the contour is justified by
Cauchy’s Theorem and the dominance of the exponential terms of the integrand away
from the origin. In particular, although Ly and L3 no longer run toward infinity along
parallel conjugate paths near the real axis, their real parts still become arbitrarily

large.

3.5 First Approximation

Note that so far, no approximations have been made. This is the first: ignore the
integrals over Ly, Lo and Ls in (3.7) so that

e~ it) g—tm/2 / (_x)*1/2+it o—Na
I er —1

dx . (3.8)

Ry =~ Rl,N = . )
(2m)"% (2m)" e=im/4 (1 — jetm)

Edwards[1] demonstrates that the error in this approximation is at most e~*/!! for
t > 100. So the integral in (3.7) is in fact very highly concentrated near a = ¢ (27rt)1/2

over the short path L; passing close to the saddle point = = (—1/2 +it) /N.

3.6 Change of Variables

The next step is to obtain a rapidly convergent expansion in terms of (z —a) of
the numerator (—z)"/**" ¢=N* from (3.8). To this end, set p = (¢/27)"? — N, the

fractional part of (¢#/2m)"/?, and write the numerator of the integrand in (3.8) as
(=)™ N = (—a) T g(z — a)exp [-Na+p(z — a) +i(z — a)* / (47)]
where

g(z — a) = exp %W_G)Q—p(x—a)—N(x—a)-I— (—%Jrit) 1og(1+$>] .

The motivation here is to factor out the terms of the numerator which make the
largest contribution, leaving a function g(z — a) whose power series converges very

rapidly on L.
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Chapter 3. Derivation of the Riemann-Siegel Formula

Without computing its coefficients, consider g(z — a) as a power series >~ b, (z — a)".

Now make the change of variables x = v + 2m¢/N and simplify. The result is then

7

. ¢ —1/4 ei(féfer...) . Vi
bV or 1 —detm (=1)

iu?/(4m U o .\
i7r/86727rip2 1 / e /“ )6217 Zn:O bn (u - 271'2]9) du (39)
I

X e

omi ev —1

where I'; is the contour

Iy

Here again, the length of I'; is |al.

3.7 Second Approximation

Since the series in (3.9) converges very rapidly, let us consider truncation of the series

at, say, the K term. Then (3.9) becomes

—1/4 i(—i—;-i-m)
t e 48t 5760t3 _
Riny~Ryn = ( ) [ ] (_1)N '

o 1 —jetr

Xe

wu?/(4m) ,2pu K .\
i /8 o —2mip? 1 / e D Y o bo (u = 2mip) du (3.10)
I

2—7m' e —1
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Chapter 3. Derivation of the Riemann-Siegel Formula

We will see later that this single step introduces the dominant error of the approxi-

mation method.

3.8 Third Approximation

Next, we would like to evaluate the integral in (3.10). Riemann was not able to
compute this integral exactly, but he was able to show that term by term integration

was possible if the path I'; in (3.10) was extended to the path I' as follows:

r

/N

Then the remainder term becomes

_ t —1/4 Z( 48t 5760t3Jr
Ron ~ Ry = (—1)V (_) [ Zb cn (3.11)

21 1 —detm

where

iu?/(4r) ,2pu .\
o 6z7r/8 —2mip? L 1 / e /( )6 v (U - 27T7’p) du
r

271 e —1

Analysis of g(x — a) from Section 3.6 shows by = 1. Riemann was able to show that

cos 27 (p* — p — 1/16)]
cos(2mp)

Co = ‘Ij(p) =
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Chapter 3. Derivation of the Riemann-Siegel Formula

The task now is to approximate Zf:o bnCn.

3.9 Fourth Approximation

Riemann devised a method of approximating S°%  b,c¢, in (3.11) which does not

require the computation of the individual b,’s and c¢,’s. With this method, one

obtains an exact expression for Zy{gﬂ b,.Cn.

Let w = (27/t)"* and show the following;

e Each coefficient b, is a polynomial in w of degree n. The coefficients by, b; and

0

by contain only terms in w®, w! and w? respectively. All other b, contain no

terms in w of degree less than |n/3].

e Each integral ¢, is a linear combination of U®*) (p), k=0,...,n, and the coeffi-

cient of each W*)(p) does not involve t. The ¢, satisfy the formal relationship

2y i v (p) y" = i Mcn ) (3.12)

m! n!
m=0 n=0

e The truncated series Zf:o b,c,, is therefore a polynomial in w whose coefficients

are linear combinations of ¥*)(p) not involving ¢ .

Start by multiplying both side of the formal relationship (3.12) by ZjK:Oj!bj (2y)~7

which yields

K \ /2 gpm) i n - :
<e2my Zj‘bj (Qy)—j> (Z v ml(p)ym> _ ( (231) Cn) (Zj‘bj (2y)_3>

m=0 =0
(3.13)

The first factor of the left hand side of (3.13) can be considered a polynomial in w

with coefficients which are functions of y. That is,
K ‘ K
TN i 2y) 7 = Y A’ = Gly)
5=0 §=0
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Chapter 3. Derivation of the Riemann-Siegel Formula

The right hand side of (3.13) is a series in y with constant term % b,c, =

Z]K:O C;w’ say.

The b,, can be shown to satisfy a recurrence relation

T (2n + 1) bn - bn_g
Ar2w=t (n+1)

bn+1 - (314)

where b, = 0 for n < 0, from which a recurrence relation for the A; can be derived:

1 1 _
Aj = _iij_l — 3—27'(' 2D2 (y lAj_l) . (315)
Note that Ay = 2m”,
As a result of our first observation above, Ay,...,A|x/3 are independent of K, so

use (3.15) to compute these. Once A;, j = 0,...,|K/3] are known, compute the

constant term of

— Um(p)

A;j(y) y

m!
m=0

These are our ;. Finally then,

K/3]

K |
ancn ~ Z Cjwj
n=0 j=0

This method is labour saving, however it should be noted that the b,’s and ¢,,’s can
be computed directly using their recurrence relations. That is, the b,’s (as a function

of w) can be computed from (3.14) and from (3.12) we have

n! an/% (27Ti)j W (=25 (p)
Cn = = - - .
2n = 251 (n—2j)!

Using a symbolic computation package such as Maple it would not be difficult to

compute 1 b,c, as the desired series in increasing powers of w.
n=0
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3.10 An Example

Appendix B contains an implementation of the Riemann-Siegel method written in
the C programming language. This program allows the user to input the endpoints of
the (positive) ¢ domain as well as the number of sample points desired. The output

is a list of (¢, Z(t)) pairs suitable for plotting using a plotting package.

The following is a plot of (¢, Z(t)) for 6 x 10° < ¢ < 6 x 10° + 10 using 10 000 data

samples:

Z(t), 6x108 <t < 6x106+10

VA /\/\/\A/\ A/
IRVAREAY
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3.11 Errors in the Approximation

There are three main sources of error in calculating Z(t) using the Riemann-Siegel
formula. The first two of these are due to the approximations made in the derivation
of the formula, while the third is inherent in the tools used to compute the value of

the approximation at a given point: the computer hardware and software.

The introduction of the first error was in Section 3.5 where the contour of the integral
was restricted to a short path through a point on the imaginary axis which was near
a saddle point of the integral. As noted in that section, Edwards[1] shows that the

error in that approximation is O(e_t/ 11).

The second, more significant error is that of Section 3.7 where the series expansion
of g(x — a) is truncated. Bounds on the size of this error have been determined by
Titchmarsh[6] and more recently by W. Gabcke as noted in Odlyzko’s work[5]. Citing
a much more complicated result of his own, Titchmarsh notes that if the Cy term is
the only term retained in the Riemann-Siegel formula for Z(¢), then the error in the

approximation is less than 3/2t=3/4 for ¢ > 125.

According to Odlyzko, Gabcke’s result is “essentially optimal” and states that if the
Cy and C terms are the only terms retained in the Riemann-Siegel approximation,

then the error is at most 0.053t=5/4 for ¢ > 200.

Although Riemann’s ingenious method for computing the W™ (p) functions greatly
facilitates the computation of many of the C), terms, in practice only two or three of
these last terms are required to determine the existence of a zero of the ( function. For
large values of ¢, provided |Z(t)]| is sufficiently large between zeros, Gabcke’s result

ensures sufficient accuracy to identify the existence of a zero.
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Finally, the third source of error in the computations is that inherent in the floating
point arithmetic used by the computer. To model the real line, compilers use a finite
set of discrete points, and the accuracy of the model depends on the data types used
for the calculation in question. For the present case, floating point data types were
declared long double to maintain as much accuracy as possible for the computations
of Z(t) at large values of t. The GNU C Compiler used to implement the programs
contained in the appendices uses twenty digits for both computation and storage of

long double data types on Intel-80x86 based systems.

The greatest amount of accuracy is lost in the floating point evaluation of

Z n~Y2 cos(V(t) — tlogn) .
Firstly, the argument of the cosine function is O(tlogt), which, when reduced modulo
27 and evaluated by the cosine function, leaves about 20 — [log,, ¢] decimal digits to
the right of the decimal point. Secondly, the error of each of these cosine evaluations

is accumulated when the |\/t/ (27)] terms of the series are summed.

One of the main uses of the Riemann-Siegel formula is not to evaluate Z(t) at a
given point ¢ with great precision, but rather to determine sign changes of Z()
with sufficient certainty to count roots. As such, provided the cumulative errors
noted above are not so great as to prevent the determination of the sign of Z(t),
the Riemann-Siegel formula is a valuable computational tool despite its practical

shortcomings.

This section dealing with errors would not be complete without mentioning that
the floating point computation problems noted are inherent in all computations of
C(1/2 +it) using fixed precision arithmetic. This limitation can be overcome by
using a variable precision computation package such at the GNU bc utility, however,

so much speed is sacrificed in return for the increased accuracy that computations at
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large values of ¢ become infeasible.
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Chapter 4

Verification of the Riemann
Hypothesis

4.1 Introduction

Since the rediscovery of the Riemann-Siegel formula in the early 1930’s, this method
has been used to verify the correctness of the Riemann Hypothesis up to very large
values of t. In this chapter, we examine the key steps involved in the verification

process.

Prior to Siegel’s work, the main method for computing values of the ¢ function was
by Euler-Maclaurin summation. Though precise, the amount of work required to
compute ((1/2 4+ it) is of the same order as t. With Riemann-Siegel, the decrease in
computation time from O(t) to O (\/f) allowed huge improvements over the previously
established limit that the Riemann Hypothesis was correct up to ¢ ~ 300. This
last result was obtained by J. Hutchinson using the more labour intensive Euler-
Maclaurin method. More recent results have shown the Riemann Hypothesis to hold
for t < 5x 108, while Odlyzko[5] has developed algorithms which verify the correctness

of the Riemann Hypothesis in a large region about ¢ = 10%°.

The key to the verification process is a method of A. Turing which allows one to

analytically determine the number of zeros o +i7 in the region 0 < o < 1 (the critical
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Chapter 4. Verification of the Riemann Hypothesis

strip) for 0 < 7 < t. Once all zeros on the critical line up to height ¢ have been
counted using Riemann-Siegel, Turing’s method is then used to verify that the zeros

found are indeed the only zeros o + i7 in the critical strip with 7 <.

4.2 Gram’s Observations

Prior to the rediscovery of the Riemann-Siegel formula, J. Gram computed the first
fifteen roots of ((1/2 + it) using the Euler-Maclaurin formula. In the course of his

work, Gram made the following observations:

1. R(¢(1/2 + it)) has a tendency to be positive, while the values of I((1/2 + it))

are distributed more evenly between positive and negative values.
2. The zeros of Z(t) tend to alternate with the zeros of sin¥(t).

Although these observations are based purely on empirical results at low values of ¢,
in practice they hold true for all ranges of ¢ tested to date. These simple observations

are the foundation upon which modern root counting strategies are based.

To illustrate the first observation above, consider the graph of the real part of

C(1/2 + it) for 6 x 105 < ¢ < 6 x 10° + 10:
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8 R{(1/2+4t)), 6x10° < t < 6x106410

v

R((1/2+it)) ,\ /\ A/\/\ AWAVA /\\/\/\/\ /\ V/
\/V Uy I \/

t

Compare this to a plot of (¢(1/2 4+ it)) over the same domain:

8 (Y1/2+it)), 6x10% < t < 6x105+410

HA(q1/2+it)) |y A A A /\/\V/J\V AL

VTN YV \/
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To discuss the second observation, first examine the function ¥(¢). From (3.1) we

have that ¥'(t) = 1/2log(t/ (27)), and for ¢ > 7, ¥(t) is increasing. Further, this rate

of increase is nearly constant over short intervals. The graph of ¥(t) looks like:

61+

ot)

—354+

80

For each n > —1, define the point ¢ > 7 which satisfies ¥(t) = n7 to be the n'* Gram

point, and denote it g,. For example, the first five Gram points are approximately as

follows:

9n

9.666908077
17.84559954
23.17028270
27.67018222
31.71797995
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Returning to the second observation above, assume for the moment that the tendency
for R(((1/2 + it)) to be positive continues indefinitely, and recall that ((1/2 + it) =
Z(t) e™™ = Z(t) cosI(t) —iZ(t) sind(t). Under the assumption that the real part of
¢(1/2 +it) has a tendency to be positive, the signs of Z(t) and cos¥(t) must have a
tendency to be the same. So as cos¥(t) changes sign as ¥(t) increases almost linearly
between integer multiples of 7, one would expect a corresponding sign change in
Z(t) indicating at least one root of Z(t). Further, if the sign of Z(t) follows that of
cos ¥(t), this sign change should occur approximately midway between Gram points,
supporting Gram’s second observation. Finally, because of the positive tendency of
R(C(1/2 +1it)), one would expect that this root is the only root in the interval, and

that it has order one.

Gram’s empirical observation that zeros of Z(t) tend to alternate with the zeros of

sin¥(t) is known as Gram’s Law, and is stated as the inequality

This “law” does fail eventually, and infinitely often in fact, but if true most of the
time, reduces the verification of the Riemann Hypothesis to the examination of the
more infrequent cases where Gram’s Law fails to hold. (In fact, using the methods of
the next section, one can show that if Gram’s Law held for all Gram points g,, then

the Riemann Hypothesis would follow).

The question remains as to whether the assumption about the positive tendency
of ®(¢(1/2+it)) is valid. This is equivalent to the question of whether Gram’s Law
continues to hold for most g,,. Empirically, Gram’s Law holds for about 70% of tested
cases, and depends on the tested range. One argument in support of Gram’s Law is
that at Gram points g,, the first term of the main sum in the Riemann-Siegel formula

is always 2 (—1)", and it is unlikely that the subsequent terms which rapidly decrease
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in absolute value will reinforce one another to overcome the strong sign tendency
of the first term. These arguments are plausible, but are by no means rigorous. At
present, Gram’s Law is still a purely empirical result which serves well for the purpose

root counting.

It must be noted that Gram’s Law provides only a lower bound on the number of
roots on the critical line in a given range. That is, if Gram’s Law is satisfied at two
successive Gram points, then there is certainly at least one root of Z(t) between the
points, but there is no guarantee that there is only one root. In fact, there are cases at
very large values of ¢ where more than one root occurs between Gram points, though
these cases are rare—see[5]. Once we have applied the methods of the next section
to determine and upper bound on the number of roots in our range, we may then
compare with the roots found following Gram’s Law to see if indeed we have located

all roots in the range.

Following the terminology used by Edwards, call a Gram point g, good if it satisfies
Gram’s Law, and bad otherwise. Define a Gram block to be an interval [g,,, gn+x) such
that g, and g, are good Gram points but all Gram points strictly inside the interval
are bad. The process of counting roots on the critical line is then to simply count
the Gram points where Gram’s Law is satisfied, and to count the number of zeros of

Z(t) in each Gram block.

4.3 The Number of Roots to Height T

Once we have counted all roots on the critical line up to some height T, we must be

able to determine whether these are all the roots in the critical strip up to this height.

Let N(T') denote the number of roots of ((o + i7) in the region 0 < ¢ < 1 and

0 <7 <T. We would like to have a method to easily evaluate N(T') in order to
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verify the result of our root counting algorithm based on Gram’s Law. The method
currently used was developed by A. Turing and is based on results of J. Littlewood

and R. Backlund.

Riemann noted that

where C' is the contour

N
W

as long as it is assumed that there are no zeros of £ on the contour itself. This result
can be shown using the residue theorem and the fact that £ is an entire function. (In
fact, it is known that there are no zeros of ¢ on the two vertical sides of the contour
and on the portion of the contour on the real axis, so the necessary assumption is

that there are no zeros on the fourth remaining side.)

Using properties of £(s) and the functional equation, this result may be written

N(T) = %ﬁ(t) +1+ %%( 3 CC((SS)) ds) (4.1)

where the contour C' is
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/
¢ LT

wl= T+
vle

Provided R(¢) is non-zero on the contour C’, and since ((3/2) is real and positive,

the integrand in (4.1) has an anti-derivative which may be bounded to yield

(L5

Backlund used this argument to show that under the condition that R(¢) is non-zero

<1
5 -

on the contour C’, N(T) is the integer nearest 7~ 'J(T) + 1.

This method is a useful tool, but for each determination of N(T'), one must prove

that no zeros of ¢ lie on the contour C’. Consider instead the function

Littlewood proved that fOT S(t) dt = O(T). From Littlewood’s proof of this result,

Turing was able to show that

to t
/ S(t) dt' <2.30+0.128 1og(—2)
. 2m

for 1687 < t; < ty. For certain Gram points g,, this expression will be used to

bound S(g,) and prove that N(g,) = n + 1. Turing reasoned as follows: Suppose
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that Gram’s Law is satisfied at the Gram point g,,. That is, at t = g,, we have

(=1)" Z(gm) > 0. (4.2)
Then at g,, we must have
U(gm
S(g) = Nig) — )
mm
= Nign) - -1
= N(Qm) -—m—1

and if we can conclude that S(g,,) = 0 then we will know exactly how many roots
lie in the critical strip up to height g,,. Let E denote the number of even order roots
(counting multiplicities) on the critical line up to height g,,. Similarly, let D denote
the number of odd order roots. Finally, let F' denote the number of roots in the
critical strip but not on the critical line. Then N(g,,) = D + F + F, and noting that
Z(g_1) < 0, the sign of Z(gy,) is then (—1) (=1)% (=1)"” = (=1)P*FH = (—1)PTF,
But this must equal (—1)" by (4.2), so D+ E —1 and m are either both even integers
or both odd. Further, F' must be even since roots not on the critical line occur in

pairs by virtue of the functional equation £(s) = (1 — s). Thus
S(gm) (mod2) = N(gn) —m-—1
= D+FE+F—-—m-—1
= (D+E—-1—m)+F
=0
which shows that S(g,,) must be an even integer. It remains now to show only that

|S(gm)| < 2, and this Turing did as follows.

Suppose g, and g, 11 are good Gram points (that is, Gram’s Law is satisfied at these

points). For the Gram points g;, j = m +1,...,m + k — 1 in between, compile a
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separate list of points h; of corrections to the g; which force
(—1) Z(g; + hy) > 0, j=ma1,. k=1

If g; is a Gram point which satisfies Gram’s Law, then h; = 0. For g; where Gram’s
Law is not satisfied, the h; should be chosen to be as small as possible and such that

the sequence g; + h; is strictly increasing. Now define the function L(t) as

3 O
It) o4 0
1 >0
® 4
gm Im+1+hm+1 Im+2+hm+2 Im+3+hm+3 Im+a+hm+a

t

So each jump of L(t) at a point g; + h; indicates at least one root of Z(t) in the

interval g;_1 + hj_; <t < g; + hj, so

N(t) = N(gm) + L(t) . (4.3)

Next, define L;(t) as
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3 Q)
Li(t) o] — oo
1 Q)
L O
gm gm+1 gm—+2 gm—+3

Here Li(t) is the Gram point counting function for Gram points larger than g,,. Now

7~ 19(t) is an increasing function of ¢ which coincides with 7=19(g,,) + Ly (¢) at Gram

points gm+j, 7 > 0. Further, the following relation between these two functions holds

for t > gn:

7 (gm) F Li(t) < a7MW({t) < 7'(gm) + Li(t) + 1.

Combining the results of (4.3) and (4.4) then gives:

S(t) = N(t)—7m(t) -
= N(t) = (7~19(t) +1)
> N(gm)+ L(t) = (7719(t) + 1)
> N(

S(gm) + L(t) — Ly(t) — 1,

whence

S(gm) < S@) +1 = (L) = Lu(t)) -
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N(gm) + L(t) = (7 9(gm) + L1(t) + 1+ 1) from (4.4)
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In terms of indicator functions, we may consider

N

—1
L(t) - Ll (t) = (I[gm+j+hm+jvgm+j) - [[gm+jvgm+j+hm+j)) )
1

<.
Il

so that integrating both sides of (4.5) from g, to gy yields

gm 9m gm gm

k-1
= S(9gm) (Gmik — gm) < 2.30+0.128 log(g;Jrk) + (Gmak — Gm) + Z [—
™ o

k—1
-1 Im+k
= S(gm) < 14 (Gmsk — Gm) (2.30 +0.128 log( o ) + Zl hm+j>
]:

Note the use of Turing’s bound in the second line above. As k increases, the second
term of this last expression becomes less than one as long as the sum of the correction

terms hy,1; does not become too large.

If we are able to find a k and correction terms hy, 11, ..., Amix S0 that S(g,) < 2, it
will follow that S(g,,) < 0, whence N(g,,) < 7 '9(g,n)+1 = m+1. For our purposes,
this will be enough, for as long as our root counting algorithm produces at least m+ 1

roots, we will have succeeded in verifying the Riemann Hypothesis up to t = g,,.

It should be noted that a construction similar to that of (4.3) and (4.4) may be used to
compute a lower bound for S(g,,). As such, the number of zeros up to height ¢ = g,,
can be determined using only a set of appropriately chosen points gy, + hpy;. This
is the true beauty of Turing’s method — a small set of easily computable quantities
is sufficient for one to determine with absolute certainty the number of zeros of the
¢ function in the critical strip, and further, not a single evaluation of the ¢ function

itself is necessary.

We now have all of the machinery required to implement our Riemann Hypothesis
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verification program. We have an efficient computation method for identifying roots
of the ¢ function, and we have have a means of ensuring that we have located all
roots in a given region. It remains now to implement our program and that will be

the subject of the next chapter.
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Chapter 5
Riemann-Siegel At Work

5.1 Introduction

In this chapter we discuss the results of our implementation of a Riemann Hypothesis
verification program. This verification program combines into practical application
the theory and methods of the previous chapters. We first present our raw findings
and interpret the results, and we then discuss the computer programs used in the

computation, including error considerations.

5.2 Results

The following are the results obtained by running the computer programs contained
in Appendix C and Appendix D, and following are the conclusions which follow from

these results:
1. g12193873 = 6 000 000.485 999
2. There are at least 12 193 874 zeros of ((1/2 + it) for 0 <t < g12193 873
3. There are 1 518 045 Gram blocks containing 3 317 645 of these roots.

4. The longest Gram block in the range 0 <t < g12193873 1S
[91 181229, g1 181 235] = [698 899.370 788, 698 902.615 289]
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5. The data for twenty Gram points used to apply Turing’s method (see

Section 4.3) is as follows:

m Im hom, gm + hm Z(Gm + hm)
12193 873 | 6 000 000.486 | 0.000 | 6 000 000.486 —0.110
12193 874 | 6 000 000.942 | —0.100 | 6 000 000.842 0.856
12193 875 | 6 000 001.399 | 0.000 | 6 000 001.399 —3.262
12193 876 | 6 000 001.855 0.000 | 6 000 001.855 4.634
12193 877 | 6 000 002.311 0.000 | 6 000 002.311 —8.947
12193 878 | 6 000 002.768 | 0.000 | 6 000 002.768 3.350
12193 879 | 6 000 003.224 | 0.000 | 6 000 003.224 —1.161
12193 880 | 6 000 003.680 0.000 | 6 000 003.680 4.335
12193 881 | 6 000 004.137 0.000 | 6 000 004.137 —1.663
12193 882 | 6 000 004.593 | 0.100 | 6 000 004.693 0.245
12 193 883 | 6 000 005.049 0.000 | 6 000 005.049 —0.721
12193 884 | 6 000 005.505 0.000 | 6 000 005.505 0.732
12193 885 | 6 000 005.962 0.000 | 6 000 005.962 —0.172
12193 886 | 6 000 006.418 0.000 | 6 000 006.418 0.513
12 193 887 | 6 000 006.874 0.000 | 6 000 006.874 —0.510
12193 888 | 6 000 007.331 0.000 | 6 000 007.331 0.997
12 193 889 | 6 000 007.787 0.000 | 6 000 007.787 —0.225
12193 890 | 6 000 008.243 0.000 | 6 000 008.243 1.625
12193 891 | 6 000 008.700 | 0.000 | 6 000 008.700 —5.559
12193 892 | 6 000 009.156 0.000 | 6 000 009.156